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Abstract

In this paper some results about regular multivariate generalized sampling in the LP
setting (1 < p < c0) are proven. Thus, stable multivariate regular sampling formulas
are derived for L” shift-invariant spaces V3, i.e., the LP-closure of the linear span of the
shifts of a finite set ® of generators. These sampling formulas include regular samples
of the function, its derivatives and/or some filtered versions of the function itself taken
at a lattice of R%. Approximation schemes using these generalized sampling formulas
are also included.
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1 Statement of the problem

The classical Whittaker-Shannon-Kotel’nikov sampling formula has its counterpart in d
dimensions. Thus, any function f band-limited to the d-dimensional cube [—1/2,1/2]¢,
e, f(t) = f[—1/2 1/2]d f(ac)e%”Ttd:U, t € R%, may be reconstructed from its sequence of

samples {f(a)}, ez as

f) =" fla)sinc(t; —aq)...sinc(tg — aq), t=(t1,...,tq) € R

a€Zd

Although Shannon’s sampling theory has had an enormous impact, it has a number of
problems, as pointed out by Unser in [34, 35]: It relies on the use of ideal filters; the
band-limited hypothesis is in contradiction with the idea of a finite duration signal; the
band-limiting operation generates Gibbs oscillations; and finally, the sinc function has
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a very slow decay, which makes computation in the signal domain very inefficient. Be-
sides, in several dimensions it is also inefficient to assume that a multidimensional sig-
nal is band-limited to a d-dimensional interval. In addition, many applied problems
impose different a priori constraints on the type of functions. For these reasons, sam-
pling and reconstruction problems have been investigated in spline spaces, wavelet spaces,
and general shift-invariant spaces. Also to model the decay conditions of real signals,
the sampling theory is developed in weighted shift-invariant spaces. See, for instance,
[2, 3,4, 5, 6, 12, 33, 35, 38, 39, 40] and the references therein.

In many practical applications, signals are assumed to belong to some shift-invariant
space of the form

Vg = spaan(Rd){¢j(t —a)rac€ 74, J= 1,2,...,r},

where ® := {¢; j—1in L?(R%) is the set of generators of V2. Assuming that ® is a stable
set of generators, i.e., the sequence {#;(t — a)}aezd, j—12 is a Riesz basis for V2, the

JeensT
shift-invariant space V(g can be described as

T

VZ={Y > a0 65t =) : {aatacze € A2 j =12, v} CPRY. (1)

7=1 aqeZzd

On the other hand, in many common situations the available data are samples of some
filtered versions f x h; of the signal f itself. This leads to generalized sampling (also
called average sampling in some recent papers [8, 32]) in Vg . Suppose that s convolution
systems (linear time-invariant systems or filters in engineering jargon) Yy, [ = 1,2,...,s,
are defined on the shift-invariant subspace V2 of L?(RY). The goal is to recover any
function f in Vi from the set of samples {(T;f)(Ma)}oezd =19, taken at the lattice
MZ¢ in RY (M denotes a matrix of integer entries with positive determinant), by means
of a stable sampling formula like

F&) =YY (Nif)(Ma)Si(t— Ma), teR’. (2)

=1 aezd

By stable sampling we mean that there exist two positive constants 0 < A < B such that
S

Allfllz < Y IKTf (Ma)}ie < Blfllz. f € Vi (3)
=1

The regular sampling L2-theory, which involves the well-known frame theory, has been
well-established by several authors (see, among others, [8, 21, 40]).

The aim of this paper is to prove some regular multivariate stable LP-sampling results
(1 < p < 00) and to construct approximation schemes, valid in appropriate Sobolev spaces,
by means of them. To this end we consider the LP shift-invariant spaces

Ve = Spaan(Rd){QSj(t*Oé) : OZGZd,j:LQ,...,’I“} (1<p<o0).

Under appropriate hypotheses (see infra Section 2), and assuming that the set of generators
® := {¢;}}_, has LP-stable shifts (see [30]) or, equivalently, it forms a p-Riesz basis for
VL (see [4, 24]), the space V) becomes a Banach space which can be described as

T

Ve = {Z > ja 6t —a) : {aja}acze € F(27) 5 = 1,2,...,7“} c LP(RY),

J=1 aezd



for 1 < p < oo, and

Voo = {Z Z aja 0j(t — @) : {aja}acz € 0(Z),j=1,2,... 7T} C Lo(RY),

J=1 aczd

where co(Z¢) denotes the space of sequences on Z? vanishing at oco.

In order to prove a sampling result for Vq’: , 1 < p < oo, like (2), we first prove it for
span{¢;(t —a) : a € Z% j=1,2,...,r}, and then we extend it to the whole space V7,
1 < p < o0, by means of a density argument. In regarding formula (2), we note that the
inequality r(det M) < s necessarily holds (see Lemma 1 infra). Also it is worth to mention
here that the reconstruction functions S; in formula (2) are explicitly given. In this LP
context, the stability condition (3) reads

Apllflp < Y0 I (M) e < Byllfllp,  f € VE.
=1

We also consider the space Vg (oco) involving £°°(Z%) sequences

T

Vo (oo) = {Z S a0 b5t — ) ¢ {ajatacze € (20 ) = 1,2,...,7“} c Lo(RY),

7=1 aczd

endowed with the metric topology giving uniform convergence on compact subsets of R
The corresponding sampling theorem (2) for Vi (00) is also obtained but the corresponding
stability condition does not remain true (see infra Section 4.6).

The last part of the paper concerns with the study of the approximation properties of
the scaled version of the sampling operator

TFt)=>_ > (Tif)(Ma)S(t— Ma), teR?.

=1 qezd

In other words, we want to obtain a good approximation for a smooth function f (in a
Sobolev space) by means of the scaled operator I' defined by I'* := o, /ml'on, where
onf(:) == f(-h), h > 0. The goal is to obtain an estimation for the LP-approximation
error of the type |[I"f — f||, = O(h¥) as h — 0%, where k € N denotes the approximation
order which coincides, in general, with the order of the Strang-Fix conditions satisfied by
the set of generators ®.

The possibility of generalized sampling for obtaining approximation schemes in appro-
priate Sobolev spaces was derived in [20]; here we give some complementary results. For
approximation schemes constructed by using shift-invariant spaces see Refs. [10, 11, 26,
28, 29, 30] and the references therein. Compared to the approximation results in Refs.
[10, 15], the results here included have been proved by using a different technique which
allows samples of derivatives. All these steps will be carried out throughout the remaining
sections.

2 The shift-invariant spaces V] (1<p<)

We start this section by introducing some notations and preliminaries used in the sequel.
For 1 < p < oo, LP(R?) denotes the classical Lebesgue space. We denote by P(Z9)



(1 < p < 00) the space of pth power summable sequences on Z?, by £*°(Z%) the bounded
sequences, and by co(Zd) the space of sequences on Z? vanishing at co.
Given a Lebesgue measurable function ¢ : R* — C, set

1/p
6], == < 6(t — )| pdt) when 1< p < 00,
g /[O’I)d <a§d )

|p|oo := esssup Z |p(t — )| when p=o0.
te[ovl)d and

For 1 < p < o0, let LP(R?) := {r: R? — C measurable : |f|, < o0 }. Equipped with the
norm | - |, £LP(R?) becomes a Banach space. These spaces are profusely used by Jia and
Micchelli in [27].

Clearly, |6, = [[¢]l1, 6]l < |6, and [}y < |g], for 1 < p/ < p < co. This
shows that £P(R?) C LP(RY) and £L>®(R%) c £P(R?) c £P'(RY) ¢ £LY(R?) = LY(R?) for
1 <p' <p < oo. Observe that if there are constants C' > 0 and § > 0 such that

C

d
Arppes LR

|6(2)] <

then ¢ € L£L2(R%). Thus, the Kth-order B-spline Ny := X[0,1] * = * X[o1] (K times)
belongs to £(RY). The Wiener amalgam space W (L>, ¢!) defined as

WL, = {f  |flw = D esssup|f(t+a)| < oo},

acZd tE[O,l)d

becomes a Banach space when considering the norm || - ||y7. Analogously, we can con-
sider the amalgam space W (Cy, £'), where Cp := Co(R?) denote the space of continuous
functions on R? vanishing at infinity. We have that

W (Cy, ) € W(L*, ') ¢ L2®(RY).

Given a function ¢ € £P(R?) and a sequence a € (>°(Z%), the semi-discrete convolution
product is defined by

¢+ a:= Y al@)p(-—a).

a€cZd

In [7, 27] we can find the following useful inequalities:
o If p € LP(RY) (1 < p < o0) then
6+ alp < 1@lpllally  and 6+ all, < Bl allp- (4)

o If f € LP(R) (respectively f € LP(R?)) and h € LI(R?) (1 <p < oo, 1/p+1/g=1)
then

[{h* f(e)}aezall; < Ihlglflp and  [[{h* f(a)}aczall, < g I fllp,  (5)
where, as usual, the convolution is given by h* f := [p4 f(x)h(- — z)dz.
o If p € W(L>®,¢') and a € ¢*(Z%) then

l¢+" allw < lléllw llallx - (6)



We denote the Fourier transform of f by ]?(5) = Jpa f (t)e=2mictqt,
First, we state the LP-stable shifts concept (1 < p < c0) as established in [30].

Definition 1 Let 1 < p < co. A finite subset ® = {¢;}_; of L>(RY) is said to have
LP-stable shifts if there exist positive constants 0 < A < B (depending on p and ®) such
that

T T T
A lagler <1365 all e < B llasller, (™)
j=1 j=1 j=1

for any sequence a; € e(ZY, j =1,2,...,r, when 1 < p < oo, and for any sequence
aj € co(Z?), j =1,2,...,r, when p = oco.

A necessary and sufficient condition for ® = {¢;};_; of £ (RY) to have LP-stable shifts,
regardless p, reads as follows: There are sequences b; € Mz, j =1,2,...,r, such that
the functions ¢; := ¢; ' b; are dual to the functions ¢; in the sense that

<¢J(_V)7$k(_u)>:51/116]k7 j,k’:]_,Q,...,T, I/,/.LGZd,

where ¢ is the Kronecker symbol (see [27]). Thus we may drop the affiliation LP from the
word stability. Notice that the sum in the middle term of (7) is independent of the order
in which the sum is performed.

Let V) be the LP-closure of the linear span of the shifts of ® = {¢; %i—1- If the integer
translates of ® = {¢;}7_; in L (RY) are LP-stable, then this space can be expressed as

,
VE={DY ;¥ a;:a;€P(Z%,j=1,2,...,r} if 1<p<oo,
j=1
or
,
Vg® = {Zqﬁj « aj i aj € co(Z%), j:1,2,...,r} if p=o0.
j=1
(See the proof of Lemma 5.1 in [30]). As a consequence, for 1 < p/ < p < oo we have
the set inclusion Vg C V§. For more details and properties on shift-invariant spaces in
LP(RY) see [7].
Saying that the subset ® = {¢; iy of L>(R?) has LP-stable shifts is equivalent to that
the sequence {¢;(- — ) : a € Z¢,j = 1,2,...,7} is a p-Riesz basis for Vi, 1<p<oo.
Recall that (see [7, 24]):

Definition 2 Let B be a normed linear space. We say that {ga}tacze i a p-Riesz basis
in B if there exists a positive constant C' such that

> c(a)ga
acZd

for all ¢ = {c(a)}peza € P(Z9) when 1 < p < oo, and for all ¢ = {c(a)}peza € co(Z9)
when p = 0.

CHMleller <

< Cleller
B

Thus, the shift-invariant space Vq}: , 1 < p < o0, is a Banach space isomorphic to the
product space ¢P(Z) x ... x fP(Z%) (r times), whilst V£° is a Banach space isomorphic to
co(Z) x ... x co(Z?) (r times). Obviously, a p-Riesz basis is unconditional.

Observe that a p-Riesz basis {¢;(-—a) : a € Z%,j = 1,2,...,r} for the shift-invariant
space V' can be characterized in terms of the Gramian of ® (see, for instance, [7]).



3 Generalized sampling in V: preliminaries

Assume that the generators ® = {¢; };Zl are continuous in R?, they satisfy that

sup Z |pj(t —a)| <oo, j=1,2,...,r
te[0,1) a€Zd

(hence, ¢; € LX(R?) for each for j = 1,2,...,7), and they have LP-stable shifts (i.e.,
regardless p as said before). As a consequence, V} C C (R9).

We are mainly interested in obtaining generalized regular sampling formulas like (2)
valid for the shift-invariant spaces V2 covering the full range 1 < p < oo.

A sampling formula like (2) involves s convolution systems T, 1 <1 < s, and samples
taken at the lattice MZ? which we should precise:

3.1 The convolution systems 7T,

First of all, we introduce some notation; for a point x = (z1,z2,...,2q) € R? and a d-
tuple of nonnegative integers o = (a1, ag, ..., aq) € Z* we denote o' z := Zgzl apxy. Let
No := NU {0}. For a multi-index 8 = (31, B2, . .., Bq4) € N¢, DP stands for the differential
operator D? := D’leg2 . ng, and |(| := Z;lzl |B;| for its order.

Throughout this paper we consider s convolution systems Y;, 1 <[ < s, of the following
types:

(a) Whenever we are working in the space V£ , the impulse response h; of the system T;
belongs to £(R?), where p and ¢ are conjugate exponents, i.e.,

()0 = £ emlt) = [t —a)de, R,

for h; € £L4(R?) and ¢ satisfying 1/p+1/q = 1.
(b) The impulse response is a shifted Dirac delta, i.e., (Tlf) (t):= f(t+¢), teR™L

(¢) The impulse response is a linear combination of partial derivatives of shifted deltas,
i.e.,
(Cuf)(t) == > apD’f(t+dg), teR’
IBI<N

If there is a system of this type, we also assume that Dﬂqu € C(R%) and satisfies

sup Z |DP¢;(t —a)| < oo for [B] < Ny, j=1,2,...,7.
te[0,1)¢ aczd

Any system of type (b) is a particular case of a system of type (c), but for the sake
of clarity we treat both cases separately. We denote by m the largest order among the
partial derivatives that appear in the systems of type (c) (m = 0 if there are only systems
of types (a) and/or (b)). From now on, we consider s systems Y;, [ = 1,2,...,s, of the
types (a), (b), (c) or a linear combination of them.

Let A be the Wiener algebra of the functions of the form f(z) = > 74 a(a)e?™*
with a := {a(a)},ezd € €1(Z%). The space A, normed by || f|| 4 := ||a|1 and with pointwise
multiplication becomes a commutative Banach algebra. If f € A and f(z) # 0 for every
x € R?, the function 1/f is also in A by Wiener’s Lemma (see, for instance, [23]).



The sequence {Y;¢;(a)}ocze belongs to ¢1(Z4) (for systems of type (b) or (c) it is
obvious having in mind the assumptions on ¢; and D@;; use (5) for systems of type (a)).
The Fourier transform of this sequence, which belongs to the Banach algebra A, will play
an important role in the sequel. We denote it by

gi(@) =Y (Ti;)(a)e ™ z e R,
a€Zd

and
g/ () = (q,1(2), gu2(2),....qr(x)), 1<1<s. (8)

3.2 Lattices in Z¢

Given a nonsingular matrix M with integer entries, we consider the lattice in Z¢ generated
by M, i.e.,

MZ% = {Ma:aezi} czi.
Without loss of generality we can assume that det M > 0; otherwise we can consider M’ =
ME where E is some d x d integer matrix satisfying det E = —1; trivially, MZ¢ = M'Z<.
We denote by MT and M~ the transpose matrices of M and M~ respectively. The
following useful generalized orthogonal relationship holds

—omiat M~ Tk det M, VRS MZd
Y. = (9)
0 o€ 74\ Mz?

keN(MT)

where
N(MT) =7%n {MTQJ cx € [O,l)d}

The set N'(M ") has det M elements (see [37]). One of these elements is zero, say i; = 0;
we denote the rest of elements by o, ..., iget s Ordered in any form.

Notice that the sets, defined as Q :== M~ i, +M~"[0,1)% k =1,2,...,det M, satisfy
(see [37, p. 110])

det M

QeNQup =10 if k#k and Vol(UQk>:1.
k=1

Thus, for any function F integrable in [0,1)? and Z%-periodic we have f[o e F (x)dx =
2ezth ka F(z)dz.

In order to recover any function f € V} from its generalized samples at a lattice M 74,
i.e., from the sequence of samples {(Tlf)(Ma)}aezd |—19. 4 & suitable expression for
the samples will be useful

3.3 An expression for the samples

First, consider the map

T3 Ax...xA —  LP(RY)
FT::(flw"afT) — Z;:1¢j*,aj’

where f;(z) =Y cza aj(@)e ™% € A, j=1,2,...,r. Notice that (4) ensures that 7y is
a well-defined bounded operator by considering in AX. . .x A the norm ||F|| := Z;Zl llajli-

(10)

7



For f € span{¢;(- —a) : a € Z%,j =1,2,...,r} let a = {(a1(a),...,a,(a))} be the
finite sequence such that f = Z§:1 ¢j* a; and the corresponding trigonometric polynomial
F'(z):= <Za ar(e)e2moe N aT(a)e_Qmo‘“”> =Y, a(a)e 2™ 5o that ToF = f.
For any [ =1,2,...,s and a € Z¢, we have

T

—  —omial T
(Y1 f)(Ma) ZZCLJ (Y1) (Mo — ) = (F,ge>m M )L2[0,1)¢
pnooj=1 (11)

= /[0 b FT(x)gl(:L‘)e%iaTMTxdx )

As the sequence {e_QWiaTMTm}aezd is an orthogonal basis for L2(M~'[0,1)%), we can

exploit this fact in computing the above integral as follows

(Tlf)(MOé) — Z / FT gl 27rza Mdex
det M (12)
= / Z F'(z4+ M Tig(x+ M i) e2mia MTz g,
M-T[0,1)

This leads us to introduce the s x (det M)r matrix of functions G(z), x € [0,1)?, which,
involving the functions in (8), is given by

gl (x) gl (@+M Tig) - gl (w+ M Tigernr)
g (z) gy (w+M Tig) - gy (z+ M Tiget )
G(z):=| ". . . :
g () gl(@+M Tiz) - g (x+ M Tiges ) (13)
:[ng ($+M_Tik')} 171,2, s
k=1,2,....det M
As we will see in next section, the reconstruction functions S;, [ = 1,2, ..., s, appearing

in formula (2) rely on the existence of left inverse matrices of G(z) having entries in the
algebra A.

Lemma 1 There exists an r x s matriz d(z) := (di(z),da2(z),...,ds(z)) with entries
diic A, j=1,2,...,r,1=1,2,...,5 and satisfying

1 0 00 ... 0

01 ..00 ...0 ]
d(m)G(x): . . . :[]ITa(D)rX(dethl)T]a :L‘E[O,l), (14)

00 ....10 ...0

if and only if rank G(x) = (det M)r for all x € R.

Proof. Notice that rank G(x) = (det M)r if and only if det(G*(z)G(x)) # 0 where
G*(z) denotes the conjugate transpose of G(z). If rank G(z) = (det M)r then the first r
rows of the pseudo inverse of G(z), GT(z) := (G*(az)G(az))_lG*(m), satisfy (14); moreover,
according to Wiener’s Lemma the entries of G belong to A.



Conversely, assume that the r x s matrix d(z) = (di(z),d2(z),...,ds(x)) satisfies
(14). We consider the periodic extension of d;, i.e., d; (z + &) = d;;(x), a € Z4. For all
x € [0,1)% the matrix

di@) da(x) do(@) _
di(z+ M~ iy do(z+ M~ iy ds(x + M~ 'ig
D' (z):= ( . ) ( . ) ( : : (15)
di(z + M_Tidet M) do(z+ M_Tidet M) o dg(z M_Tidet M)
is a left inverse matrix of G(x). Therefore, necessarily rank G(xz) = (det M)r, for all
z €0,1)% O

Provided that the condition (14) in Lemma 1 is satisfied, it can be easily checked that
all matrices d(z) with entries in 4, and satisfying (14) correspond to the first r rows of
the matrices of the form

D' (z) = G'(z) + U(x)[Is — G(z)G'(z)] , (16)

where U(x) is any (det M)r x s matrix with entries in A. Notice that if s = (det M)r
there exists a unique matrix d(z), given by the first r rows of G™1(x); if s > (det M)r
there are many solutions according to (16).

Notice that the result in Lemma 1 has also its counterpart for Beurling weighted

variants A, := F~1LL(Z?) of the Wiener’s algebra A (see [23]).

4 Multivariate generalized sampling in V} (1<p<x)

As we have pointed out in the introductory section, our sampling result for VF, 1 <
p < oo, rely on its version for the linear span of {¢;(- —a) : a € 73,5 =1,2,...,r}.
In so doing, assume that the set of continuous generators ® = {qﬁj};:l satisfy, for j =
1,2,---,r that sup Z |¢j(t — a)| < co. Consider also s convolution systems Y;, I =
tel0,1)? | 7a
1,2,--- s, satisfying that |h;|; < oo whenever T, is a system of type (a), and satisfying
that sup Z ]Dﬁ ¢i(t — a)| < oo whenever the derivative D’¢; appears in a system of
te[0,1)¢ | c7a
type (c). The following lemma holds for the span of the integer shifts of ® = {¢;}7_;:

Lemma 2 Let d(z) = (di(z),d2(2),...,ds(x)) be an r x s matriz with entries d;; € A,
j=12,...,r, 1 =1,2,...,s, and satisfying (14). Then, for any f € span{¢;(- — a) :
acZ j=1,2,...,r} the following sampling expansion holds:

&)=Y (Tuif)(Ma)Spa(t — Ma), teR?, (17)

=1 aezd

where the reconstruction function Siq is given by

T
Spa(t) = (det M) > > " dji(a)g;(t —a), teR?, (18)

aczd j=1
with c?j,l(a) = f[o 1)d si(m)e?m %y o € 79, the Fourier coefficients of the functions
dj €A j=12,...,randl =1,2,...,s. The convergence of the sampling series is in

the LP-norm sense and uniform on R?.



Proof. For f € span{¢;(- —a) : a € Z¢,j=1,2,...,r} let a = {(a1(c),...,a,(a))} be
the finite sequence such that f = Z;Zl ¢; ¥ a; and

FT(x) = (Z a (Oz)efzmo‘z, een Z ar(a)e*QWiQHE) — Z a(a)eiQ“iO‘x

«

the corresponding trigonometric polynomial such that 7oF = f (see (10)).

Having in mind expression (12), the sequence of samples {(Y;f)(Ma)},cza forms the
Fourier coefficients of the continuous function E'}ie:th F'(x+ M Tip)g(x+ M i) with
respect to the orthogonal basis {e*Q’Tm‘TMT””}and for L2(M~T1[0,1)%).

Since {Y;¢;()}peza € £1(Z%) we have that {Y;f(Ma)},eze € 2(Z?) (remind that
(T1f)(Ma) is a finite sum 7Y% a;(u)(Yi¢;)(Ma — p)). Therefore, for I =1,2...,s,

we have

det M
Z F'(z4+ M Ti)g(z+ M Tiy) = (det M) Z (Tof)(Ma)e2mie ™M
k=1 a€cZd

x € M~T[0,1)%. By periodicity, the above equality also holds for all = € [0,1)?. Hence we
can write

G(z)F(x) = (det M)( Z (Tlf)(Ma)e*Q”iaTMTI, ey Z (Tsf)(Ma)(f?m'aTMTz)T
aezs acZd

where G(x) is the s x (det M)r matrix, defined in (13) and
F(z):= (F'(z),F (z+ M Tis), - ,F (2 + M‘Tz’detM))T

Multiplying on the left by the matrix d(x) we obtain F(z) by means of the generalized
samples

F(z) = (et M) Y N (Tif)(Ma)dy(x)e 2™ M ez e [0,1)7. (19)
=1 aczd

Since {(Yf)(Ma)},ecza belongs to £1(Z9) and d; ; € A, the series in (19) also converges
in the norm of A x ... x A. Indeed, for N € N,

H Z (Tlf)(Ma)dl(x)e’z’”'aTMTm < HleH Z (’rlf)(Ma)eﬂmaTMTx
lad>N a[>N

=[ldill Y (Tf)(Ma)].

lo| >N

A

Applying 7¢ to both sides of the equality (19), and using that
[Tody(-)e 2™ M) (1) = [Tepd)] (t — M), a€Z?,

we deduce that



where S; g4 = (det M)7ad;, for [ =1,2,...,s.
The reconstruction functions S;q, I = 1,2,...,s, are determined from the Fourier
coefficients of d;;, dj (o) := f[o 1) dji(x)e*™*dz. More specifically,

Sia(t) = (det M) 37 > dju(a)g;(t—a), teR”.

a€Zd j=1

The sequence cjj’l € (1(Z%) because the function d;;(z) = Y cz4 c/i;,l(a)e_%mx belongs to
A. As a consequence, S;q € V(IE C V3°. Hence, the partial sums of the above sampling
series are in Vg°, i.e., are continuous functions and, as a consequence, they converge
uniformly on R<. O

Some comments about Lemma 2 are in order:

1. We are assuming that rank G(z) = (det M)r for all x € R? and, consequently
s > r(det M).

2. Since d;; € A and ¢; € L>®(R?), by using (4) the reconstruction functions (18)
satisfy that S;q € L®(R?), | = 1,2,...,s. Similarly, whenever ¢; € W(L>, 1Y),
inequality (6) shows that the reconstruction function S; 4 belongs to W (L, ¢') for
[=1,2,...,s.

3. The Fourier transform of S;q can be determined from the functions d;;. Indeed,
from (18), we obtain that

§l7d(w) = (det M) Z de(w)(/b\j(w) , weRY,
j=1

4. In the case s = (det M)r, there is a unique r x s matrix d(z) satisfying (14), which
is those formed with the first 7 rows of the matrix G™(z) = DT (z) in the notation
of (15). Then, using (12), we obtain that the reconstruction functions S; 4 satisfy in
this case an interpolatory property; namely

det M
(Tl/Sl,d)(MOZ) = (det M)/ Z dl(x + MﬁTik)gp(x i Mi_l_ik) 627TiaTMngdx
M=TODT =1
i 1 ifl=0Ianda=0
=0y, (det M)/ eQWzaTMTzdx _ 1 .an o
M=T[0,1) 0 otherwise.

4.1 The sampling result in V] (1 <p < 0)

Assume that the set of generators ¢ = {(bj};:l has also LP-stable shifts, and that the
hypotheses in Lemma 2 hold with |hj|; < oo when appearing systems Y; of type (a)
(which implies that |h;|; < 00). Then, a density argument allows us to prove that sampling
formula (17) in Lemma 2 is also valid for the whole space V2

Theorem 1 Under the above assumptions, for any f € Vg (1 <p< o), the sampling
formula

F=3> () (Ma)Spa(- — Ma), (20)

=1 qczd

holds in the LP-sense. The series in (20) also converges absolutely and uniformly on R,
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Proof. We define on qu the sampling operator

Fd: V£ I V£
foo— Taf =372 neza(Tif)(Ma)Sia(- — Ma).

It is a well-defined and bounded operator regardless the type of convolution systems Y;:
Having in mind (4), notice that ||[{(Y;f)(Ma)}aeczallp < Cil| f|lp; for systems of type (a) we
use (5), whilst for systems of type (b) or (c) we are using the inequality [|a*b||, < ||al|,||b]]1
for sequences, the hypotheses on ¢; and D? ¢;, and the left inequality in (7) (since ® has
LP-stable shifts).

Given f € VI, there exists a sequence {fn} in span{¢;(-—«) : a € 7,5 =1,2,...,r}
such that || fxv — f|l, — 0 as N — oco. By using Lemma 2 we have,

0<|f =Taflp=If = fv+Tafn = Tafll, < A+ I[Tal)lf5 = fllp = 0, N — o0,

which implies that T'qf = f in LP(RY), i.e., the validity of the sampling result (17).
The series > 7 > eza(Tif)(Ma)S;a(t — Ma) converges, absolutely and uniformly
on R%, to the continuous function f. Indeed,

> () (Ma)Spa(t — Ma)| < sup [(Yif)(Ma)| sup Y |Sialt — Ma)| =0,
la|>N lo|>N tel0,1)? | 7a

uniformly on R? as N — oo.
O
For average sampling, i.e., where we are only dealing with systems of the type (a),
Theorem 1 still remains valid by relaxing the hypotheses to the generators ¢; belong to

Ep(Rd) and SuptE[O,l)d H{¢J(t - a)}anqu < 00, .] = 17 27 <o T (l/p + l/q = 1)

4.2 Some comments on the case p =2

In the case p = 2 we can exploit the hilbertian structure of V£ whenever the generators
¢; € L*(RY), and SUPye[o,1) {0t — @) }aezall, < o0, j =1,2,...,7. Based on previous
work of the authors [18, 19, 21], we can state that the entries of the function g; in (8)
belong to L?(R%) whenever h; € L'(R%) N L*(RY), I = 1,2,...,s (see [18, Lemma 1]).
Associated with the matrix G defined in (13), consider its related constants

Ag = essinf A\pnin[G*(2)G(z)], Bg := esssup Amax|G*(2)G(x)],
z€[0,1)4 x€[0,1)4

where G*(z) denotes the transpose conjugate of the matrix G(x), and Amin (respectively
Amax) the smallest (respectively the largest) eigenvalue of the positive semidefinite matrix
G*(x)G(z). Observe that 0 < Ag < Bg < oo. Notice that in the definition of the
matrix G(z) we are considering the ZZ-periodic extension of the involved functions g,
Il =1,2,...,s. Under these circumstances, the following result holds (see [18, Theorems
1,2], [19, Theorem 1] and [21, Theorem 1]):

Theorem 2 Assume that the entries of the functions g in (8) belong to L°°[0,1)¢ for
1=1,2,...,s. The following statements are equivalent:

(a) Ag >0

12



(b) There exists anrx s matriz d(z) := (dq(z),d2(2),...,ds(2)) with entries in L>[0,1)%
such that
d(l’)G(i‘) = []17“7 ©7"><(det M—l)r] ) a.e. in [Oa 1)d : (21)

(¢) There exists a frame for V§ having the form {Sya(- — Ma)}yeza =19, s such that
for any f € V2,

f=> > (Nif)(Ma) Spa(- — Ma) in L*R). (22)

aczd =1

In case the equivalent conditions are satisfied, the reconstruction functions Siq, | =
1,2,...,s, are given by (18). The series in (22) also converges absolutely and uniformly
on RY,

The assumption that the entries of the functions g; in (8) belong to L°[0,1)% for | =

1,2,...,s (which is equivalent to Bg < o0) means that {gl(:v)e_%io‘TMTx}aezd =19 s

is a Bessel sequence for the product Hilbert space L2[0,1)4 x --- x L2[0,1)¢ (r times) (see
[19, Lemma 2]).

All the admissible solutions of (21) are given by the first r rows of the matrix (16)
where U(z) denotes now any (det M)r x s matrix with entries in L°°[0, 1)<,

Notice that if s = (det M)r there exists a unique matrix d(z), given by the first r rows
of G™1(x); if s > (det M)r there are many solutions according to (16). Something more
can be said in the case where s = (det M)r (see [19, Theorem 2]):

Theorem 3 Assume that the entries of the functions g belong to L>[0,1)¢ for | =
1,2,...,s and s = (det M)r. The following statements are equivalent:

(i) Ag >0
(ii) There exists a Riesz basis {Syataczd, 1=12,..s Jor V@ such that for any f € Vg, the
expansion
f=22 D (Tuf)(Ma) Spoin L*(R?), (23)
aczZd =1
holds.

In case the equivalent conditions are satisfied, necessarily S) (t) = Sja(t — Ma), t € RY
where Spa, | = 1,2,...,s, is given by (18) being d(z) the r x s matriz formed with the
r first rows of G™1. Moreover, the sampling functions Sia, 1 = 1,2,...,s, satisfy the
interpolation property (YySia)(Ma) = 0 10q,0, where LI =1,2,...,s and a € ze.

4.3 The sampling result in Vg°

Assume that the set of continuous generators ® = {¢; %=1 has LP-stable shifts, and
that the hypotheses in Lemma 2 hold with |h;|; < co. Associated with an r x s matrix
d(z) = (dl(x),dg(x),...,ds(x)) with entries d;; € A, j =1,2,...,r, 1 =1,2,...,5, and
satisfying (14), we consider the sampling operator I'q, formally defined as

(Taf)(®) =D > (Nif)(Ma)Spa(t — Ma), teR”. (24)

=1 aezd
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Recall that m stands for the largest order among the partial derivatives appearing in
systems of type (c) (m = 0 if there are only systems of types (a) and (b)). The space
C{,”(Rd) consists of all functions f which, together with all their partial derivatives D? f of
order |3 < m, are continuous and bounded on R?. The space Cg”(]Rd) becomes a Banach
space with the norm || f[|c;» 1= max g<;, SUp;cpa |DPf(1)].

Lemma 3 For any r X s matriz d with entries in A and satisfying (14), there exists a
constant K > 0 such that, for each f € C"(R%),

[(Taf) )| < Kl flicy for all t € RY.
Proof. If the system Y, is of the type (a), then for all f € CJ"(R?),

1Yef ()] < Nl | flloo < NRally 1 f e, o € ZE.

If the system Y; is of the type (c) (including in particular the type (b)) then for all
f € C(RY),

Tif@) < 37 el [D7f(art dig)| < M o levgl | fllcp, o €2,
|BI<N;

for some constant M. Since S;q € £%°(R?) then, for any f € CJ*(RY),

ITaf(t) !<Z‘ Z (Yif)()Spalt — ) ‘ ZH{Tlf ) nezal| o 1Stdloo

=1 aeczd
gKHfHCg”? teRdv

where K is a constant independent of f. ]

Theorem 4 Let d(z) = (di(z),d2(x),...,ds(z)) be anrx s matriz with entries d;; € A,
j=12,...,r,1=1,2,...,s, and satisfying (14). Then, for any f € Vg°, the following
sampling formula holds:

= Z Z (T1f)(Ma)Sia(t — Ma), teR?, (25)

=1 aczd

where the reconstruction functions Siq, | =1,2,...,s, are given by (18). Assuming that
the continuous functions d)j,Dﬁd)j, IB] < m, 5 =1,2,...,7, vanish at infinity, then the
convergence of the sampling series is also absolute and uniform on R?.

Proof. Let f € Vg° then f(t) = >, cz4 > 51 aj(a)¢;(t — ), when a; € co(Z9),
j=1,2,...,r. For M € N we define

=2 Zaﬂ a)¢;(t —a).

lo|<M j=1

From the assumptions on the generators ¢; we have that fys € C,’)”(Rd). Moreover, let
|3l <m and M > N > 0, for any ¢ € R? we have

DREGYESNIGIESY Z!ag )| [D76;(t —a)| < sup Z\ag )| D7)l

N<|a|<M j=1 N<|a|l<M

14



Since the sequences a; € co(Z%), the sequence {fa}35_; is a Cauchy sequence in the
Banach space Cg”(]Rd), we deduce that fj; converges in the C}"-norm to f as M — oco. In
particular f € C}" (RY). Using Lemmas 2 and 3 we obtain that, for all t € R?,

0 <|[fa(t) =Taf(®)] = |[La(far — NIE)| < Kllfasr — fllop — 0 as M — oo,

and then Tqf(t) = f(t) for all t € R%. This proves that the sampling formula (25) holds
pointwise. It remains to prove the absolute and uniform convergence of the series in
(25). For || < m, assuming that D’¢; € Co(RY) we have that DPfy; € Co(R?). Since
DB f1r converges uniformly to DPf on R?, and Cy(R?) is a closed subspace in L>®(R%), we
obtain that DS f € Cy(R?). From this fact and using the Lebesgue dominated convergence
theorem (whenever Y is a system of type (a)), we obtain that {(Y;f)(Ma)}eza € co(R?)
for each [ = 1,2,...,s. Hence, by using that S;q € £°(R%) and the inequality

Z ‘ Tlf (MOJ)Sld(t—MCY)‘ < sup ‘(Tlf)(MOé)’ ‘Sld‘OO7 t ERd N eN,

la|>N || >N

we obtain that the series in (25) converges absolutely and uniformly on R¢. O
Under the assumed hypotheses, observe that in the proof of the theorem we have
obtained that Vg° C Cf(R?).
In case the continuous functions ¢; and Df3¢j, 1Bl <m, j=1,2,...,r, belong to the
Wiener space W (L, ¢'), then they also belong to £>°(R%) N Cy(RY).

4.4 Some illustrative examples

We include here some examples illustrating Theorems 1 and 4 by taking B-splines as
generators. They belong to £°° since they are compactly supported, and they have LP-
stable shifts for 1 < p < oo, fulfilling the required assumptions. Moreover, they certainly
are important for practical purposes [34].

4.4.1 Thecaser=1, M =ITand s=1

Here a sampling formula (20) exists whenever g(z) = Y74 Td(a)e 2™ 5£ 0, Vo € R%
It is unique and it can be written as: For any f € V7,

=Y Tf(@)S(t—a), teR?, (26)

acZd

where S(t) = > cza d(a)¢(t — a) and d(a) are the Fourier coefficients of d(z) = 1/g(x).
Taking the centered quadratic B-spline 83 := x[_1/2,1/2) * X[=1/2,1/2) * X£ 1/2,1/2) as gener-
ator, we obtain the space VB , 1 < p < o0, of quadratic B-spline f € C*(R) N LP(R) with
knots on Z +1/2. In Vg formula (26) for T f = f reads:

=> fm)S(t-n), teR, (27)

nez

where the reconstruction function is S(t) = V23, 5 (2v2 — 3)"l33(t — n). This formula,
as well as that corresponding to the cubic B-spline, is very useful in practice (see [34, 35]).
Formulas (26) corresponding to Y f = fxh recover any function f € qu from the local

average f * h(«a f]Rd (a —t)dt, a € Z¢, where the averaging function h is related
to the acqulsltlon device (See 8, 32]).
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4.4.2 Thecased=1,r=1, M =2 and s=2

Here a sampling formula (20) exists in V(f whenever the matrix

G(x) _ |:gl(l’) gl(l’ + 1/2):| 7 where gl Z Tl¢ —27rz'mc7 ] = 1727

0(@) gla+1/2)

is no singular for all = € [0,1). The reconstruction functions are unique and the sampling
formula reads:

F&) = [T1f(2n)Si(t — 2n) + Yo f (2n)Sa(t — 2n)], tER, (28)

neL

where the reconstruction functions are given by S;(t) = QZnGZCE(n)gb(t -n),l =12,
being {d;(n)} the Fourier coefficients of the functions

g2(z+1/2) —g1(x+1/2)
di(w) = 2det@(:c) o) = dletG(x)

For instance, taking Y1f = f and YTof = f’ we obtain a sampling formula that allows
to recover any function of qu from samples of the function and of its first derivative (see
[36])

F&) =" [f2n)Si(t—2n) + f'(2n)Sy(t — 2n)] , tER. (29)

nel

Next we give three examples where s > r(det M), i.e., in the oversampling setting.

4.4.3 Thecased=1,r=1, M =1 and s =2

In the oversampling setting we are using a higher sampling rate but in contrast they are
infinitely many reconstruction functions (provided G(z) has full rank for all z € R). So,
we can choose among different reconstruction functions .S;. This flexibility can be used in
order to obtain appropriate sampling formula (see [21, 22]). For example, to recover any
function f € V[i from its samples we can use formula (27) which uses sampling rate 1.
We can also take s = 2 and M = 1 with Y1 f(¢) = f(¢t) and T2 f(t) = f(t+1/2), obtaining

sampling formulas as
f&) =) [f(m)Si(t —n)+ f(n+1/2)S(t—n)], tER,
ne”L

where the reconstruction functions are

Zdl )B3(t —n), Zd2 )B3(t —n)

nel neZ

where the functions d;, ds can be chosen among those satisfying
dl(x)(€2m’x 16+ 67271'1':(:)/8 + d2(x)<e2m'x + 1)/2 —1.

By choosing di(z) = 2 and da(x) = —(1 + e72™%)/2, we obtain Si(t) = 205(t) and
So(t) = —(1/2)[B3(t) + B3(t — 1)]. These reconstruction function have a small support and
are computationally efficient.
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444 Thecased=1,r=1, M =2and s=3

Let N3(t) := X[o,1] * X[0,1] * X[0,1](t) be the quadratic B-spline and let T; be the systems:

T = F(#) Taf() = F(t+35) and Yof(t)= fli+3).
Since the functions T;¢, j = 1,2,3, have compact support, then the entries of the
3 x 2 matrix G(x) are trigonometric polynomials and we can try to search a vector
(di(x),da(x),ds3(x)) satisfying (14) with trigonometric polynomials entries also. This im-
plies reconstruction functions S, I = 1,2,3, with compact support. Proceeding as in [22]
we obtain that any function f € Vﬁa can be recovered through the sampling formula:

f(t) = Z [f(2n)S1(t —2n) + f(2n+2/3)Sa(t — 2n) + f(2n+4/3)S3(t — 2n)], tER,
nez

where the reconstruction functions are given by

Si(t) = %(Ng(t +3) — 3N3(t +2) — 3N3(t + 1) + Ns(t)),
So(t) = 1—16(27N3(t 1)~ ONs(2)),
Sy(t) = %6( CONs(t 1)+ 2TN3()), ¢ € R.

4.4.5 Thecased=1,r=2, M =1and s=3

Consider the Hermite cubic splines defined as

(t+1)2(1 —2t), te[-1,0] (t+1)%t, te[-1,0]
pi1(t) =< (1 —t)2(1+2t), te[o,1] and @o(t) =< (1 —1)%t, t€[0,1]
0, t] > 1 0, | > 1

They are stable generators for the space V5, ., (see [16]). Take the sampling period M =1
and the systems defined by

t+1/3 1 9
Yif(t) == YTf(t) := /t fluydu, Yof(t):=Tf(t+ g), Tsf(t) :="Tf(t+ g) .

Searching for reconstruction functions S; with compact support as in [19] we obtain in
V2, . the following sampling formula:

ft) = Z [Yf(n)Si(t—n)+ Y f(n+ %)Sg(t—n) +Tf(n+ %)Sg(t—n)] , teR,
nez

where the sampling functions are:

85 1 85
Si(t) = ﬂ‘ﬂl(t) + ﬁsm(t -1+ Z@z(t) —a(t—1)
—923 23 23 23
S2(t) = —re1(t) — et = 1) = —Fea(t) + ea(t = 1)
1 85 85
S3(t) = ﬁ@l(t) + ﬂ@l(t —1) + pa(t) — ZsOQ(t -1), teR.
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4.5 Sampling formulas as p-frames and p-Riesz bases expansions

The reconstruction method in V3 (1 < p < o) given by formula (25) is stable in the follow-
ing way: For f,g e V§ and 1 =1,2,...,s the sum Y ;] [{(Y;f)(Ma) — (Tig)(Ma)}|l, is
small if and only if || f—g||,, is also small. Indeed, consider A; , := (Y, f)(Ma)—(Y9)(Ma).
We have

> AraSial- -

=1 aeczd

1f —glp =

aSal- —Oé)

)

aczZd

where

~ Ao ifd =Ma,
Al,a’ = .
0 otherwise.

Hence, denoting A; = {&l’a}aezd and A; = {A; 4 }aeze We obtain

17 =gllo =113 Sta ' B, < D7 IAdbiSialy < (mx [Sials) D Al
=1 =1 =1

where we have used that for each | = 1,2,...,s, the reconstruction function S;q €
Ejo(Rd) C LP(RY), 1 < p < oo; the corresponding inequality in (4); and also that
|Allp = [|Allp for each | = 1,2,...,s. Moreover, as in the proof of Theorems 1 and

4 we have that |All, < Ki||f —gllp, 1=1,2,...,s

In particular, we have proved that, in V2, 1 < p < oo, there exist two positive constants
0 < A, < B, such that

Allfllp <D IHYf (M) e < Bylifllp, feVE.

=1
In other words, we have

S

*Z {0 (M)}l < < Aiz 10 (M)l
P =

pll

ZSld*

In fact, we have the following result:

Theorem 5 Assume that s = (det M)r; then the sequence {S;a(- — Ma) : o € Z%,1 =
1,2,..., s} is a p-Riesz basis for V), 1 < p < co. The result is also true in V° by assuming
that the continuous functions ¢j, Dﬁ¢j, 18| <m, j=1,2,...,r, belong to W(L>,¢1).
Proof. It is sufficient to prove that the map f — {(YTi1f(Ma),...,YTsf(Ma))}oeza
is surjective from VP — P(Z%) x ... x (P(Z?) (s times) when 1 < p < oo, or from
Ve — co(Z9) x ... x co(Z%) (s times) when p = oo. To this end, let {b;(a)} be a
sequence in P(Z4 for 1 < p < oo (in cg(Z?) for p = 00), I = 1,2,...,s. Define g =
Yot Doaeza bi(@)Sia(- — Ma) € LP(R%). The truncated series belong to VJ; taking the
LP limit we obtain that g € V{. Finally, the interpolatory of S; 4, which holds whenever
s = (det M)r, shows that Y;g(Ma) = bj(a) for all « € Z® and [ = 1,2,..., s. O

In the light of the p-frames theory (see Refs. [7, 14, 24]), it can be derived that the
sequence { S a(- — Ma) : a € Z%1 = 1,2,...,s} is a p-frame for VI, 1 < p < o0, ie,
there exists a positive constant C' (depending on ® and p) such that

{ [ rosai=rmuy
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Indeed, since

ng{zshd*/al: aleﬂp(Zd),lzl,Q,...,s} if 1<p<oo,
=1

and V¥ is closed in LP(R?), Theorem 1 in [7] gives the result whenever ® C £>(R?) for
1 <p<oo,and ® C W(L>®,¢) for p = 1.

4.6 The sampling result in Vg (oc0)

The aim in this section is to prove a generalized sampling result in the bigger space
considered in [7]:

Vo (00) := {iqﬁj « aj ajEEOO(Zd),jzl,Q,...,r}.

Jj=1

To this end we assume that the generators ¢; are continuous in R? and ¢; € W(L>®, 1),
Jj=1,2,...,7. As a consequence, the series ) ,a|¢;(t —a)|, j = 1,2,...,r, converges
uniformly on compact subsets of R?; thus, the space Vg(oco) is a subset of L>®(R9) of
continuous functions.

Acting on Vg(oo) we consider s convolution systems Y;, [ = 1,2,--- s, satisfying
that |hj|y < oo whenever T; is of type (a), and satisfying any derivative Dﬁqu ap-
pearing in systems of type (c) that D%¢; € C(RY) N W(L>®,¢'). Finally, let d(z) =
(dl(m),dg(:c),...,ds(x)) be a r x s matrix with entries d;; € A, j = 1,2,...,r, | =
1,2,...,s, and satisfying (14), and let S;q4 be the associated reconstruction functions
given in (18). We obtain the following result:

Theorem 6 Under the above assumptions, for any function f € Vg(oo) the following
sampling theorem holds

ZZ lf MOéSld(t—MOé) tGRd,

=1 aczd

where the series converges absolutely and uniformly on compact subsets of R?.

Proof. Truncating the series that defines f € Vg (00) yields a sequence { f,,, } in span{¢;(-—
) a€Z j=1,2,...,r} such that f(t) = lim,, oo fm(t), uniformly on compact sub-
sets of RY, and satisfying that sup,, || fi e < 0.

By using Lemma 2, for any f,, € span{¢;(- —a) : a € Z%,j =1,2,...,r} we have

=3 > (Tifm)(Me)Sia(t — Ma), teR?,
=1 qczd

uniformly on R?. In order to compute correctly the limit as m — oo we can use the
Moore-Smith theorem which statement we include for the sake of completeness. Its proof
can be found in [9, p. 236]:

Lemma 4 Let M be a complete metric space with metric p, and let {x, m}, n,m € N, be
given. Assume there are sequences {yn}, {zm} in M such that
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1. Hm p(xpm, 2m) = 0 uniformly in m, and
n—oo

2. for eachn € N, lim p(xym,yn) =0.
Then there is x € M such that

lim lim p(xpm,2) = lim lim p(zpm,x) = lim p(zpm,z) =0.
m—0o0 N—0o0 n—o m—oo m,n—0oo
Let (M, p) be the completion of span{¢;(- — a) : a € Z¢,j = 1,2,...,r}, where p
denotes the metric giving the uniform convergence on compact subsets of R?. Hence,
Vg (oo) € M. Consider the double series

enm(t) =Y Y (Yifm)(Ma)Sia(t — Ma).

=1 |a|<N

Now it is easy to check the hypotheses in the Moore-Smith theorem. Indeed, for condition 1
in Lemma 4 we have the inequality

enm(®) = fn ] <3 ST 1(Cifm) (Ma)[[Spalt — Ma)],

=1 |a|>N

and [[{(T;fm)(Ma)}||lco < K uniformly in m. For systems of the type (a), we have
I{(C1fm)(Ma)}Hloo < [hjl1l[fmlloo < [hjl1supy, || fmlleo < o00; for systems of types (b) and
(c) it comes from the assumptions. In other words,

2N m(t) = f®)] KD > [Spalt— Ma)| =0 as N — o0
=1 |a|>N

uniformly on compact subsets of R? regardless m. Notice that Sia = Z;Zl ¢+ dj;
where d;; € (Y(Z%). Hence, for I = 1,2,...,s, the reconstruction function Sia is a
continuous function on R? belonging to W (L, ¢') (see (6)). Consequently, the series
> aezd |SLa(t — Ma)| converges uniformly on compact subsets of R%.

Regarding condition 2, for each N € N we have that lim,, .o ||2Nm —2ZN|/cc = 0, where
zn(t) == > 2laj<n(Yif)(Ma)Sa(t — Ma); notice that we have used the Lebesgue
dominated convergence theorem for systems of type (a).

Since limyy,— oo My 00 P(ZNm, f) = liMy—o0 p(fm, f) = 0, the Moore-Smith theorem
gives that

&)=Y (if)(Ma)Sia(t — Ma), teR?,

=1 qczd

uniformly on compact subsets of RY. The convergence absolute comes easily from the
inequality

Yo > N Ma)Sialt = Ma) < CY " Y [Sia(t = Ma)| —0

=1 |a|>N =1 |a|>N

as N — oo. O
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5 Approximation order

Assume the hypotheses in Sections 4.1 and 4.3. Consider an r X s matrix d(z) =
(dl(x),dg(x),...,ds(x)) with entries dj; € A, j = 1,2,...,r, 1 = 1,2,...,s, and sat-
isfying (14). Let S;q be the associated reconstruction functions, { = 1,2,...,s. Recall
that N(M ") :== 24 n {M"z : x € [0,1)?} = {ij}j=12. detssr- Consider also the new
points r; = M*Tij, j=1,2,...,det M (notice that i; =r; = 0).

The aim of this section is to show that if the set of generators ® satisfies the Strang-Fix
conditions, then the sampling operator

Taf(t) = > (Tif)(Ma)S,a(t — Ma), teR?,

=1 aczd

takes advantage of the good approximation properties of the scaled spaces o /thZ: (h > 0);
we are using the notation: o4 f(t) := f(At), where A denotes a number or a matrix.

The set of generators ® = {¢;}7_; is said to satisfy the Strang-Fix conditions of
order k if there exist finitely supported sequences b; : 7% — C such that the function
¢ = E;zl ¢; *' b; satisfies the Strang-Fix conditions of order k, i.e.,

~

$(0) #0, D°g(a)=0, |8l <k, acZ?\{0}. (30)

We denote by Wf(Rd) ={f : |Df|l, < o0, |y| < k} the usual Sobolev space (see [1]),
and by [flkp == > 52k |DP £, the seminorm of a function f € Wlﬂ“(Rd). When kp > d
we identify f € Wzi“ (R%) with its continuous choice.

It is well known that if ® satisfies the Strang-Fix conditions of order k, and the
generators ¢; satisfy a suitable decay condition, the space V£ provides approximation
order k, in the LP-sense (1 < p < o0), for any function f regular enough. For instance,
Lei, Jia and Cheney proved in [30, Theorem 5.2] that if a set & = {¢;}7_; of LP-stable
generators satisfies the Strang-Fix conditions of order k and the decay condition, ¢;(t) =
O([1+t]]747%7¢) for € > 0, then, for any f € WIf(Rd), there exists fapprox € 017,V such
that

1 = fapproslly < CFlip B (31)

where the constant C' does not depend on h and f.

5.1 L*-approximation order of the sampling operator I'4

The sampling operator T'q : Cy(R?) — Cy(R?) is bounded and satisfies Tqg = g for
g € Vgp(00), whenever only systems of type (a) and (b) appear (see Lemma 3 and Theorem
4). Thus, by applying Lebesgue’s Lemma [17, p. 30] we prove in the following corollary
that an approximation foppror € 01/, Vg® satisfying the estimation (31) for p = co can be
obtained by means of the operator I'q. Specifically, fipproz = Fﬁ f where

Fﬁ = Ul/hrdah, h > 0.

Moreover, it proves that the approximation given by Fg is, up to a constant factor, as
good as the best approximation from oy /5, Vg®.
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Corollary 1 Assume that there are only systems of types (a) and (b). Then, the following
estimation holds:

If =Tafllso <@+ ITall) _inf [If —gllo, [ € WELR),

gEO’l/hV(go

where ||Ual| denotes the operator morm. If the set of generators ® = {¢;}7_; satisfies
¢j(t) = O([1 +|t]]7%7*¢) with € > 0 and the Strang-Fiz conditions of order k then,

If = Taflloo < CPF |flioo . fEWELRY,
where the constant C does not depend on h and f.

Proof. Notice that the scaled operator I't : Cy(R?) — C,(R?) is a bounded operator with
the same norm as I'q, that oy, Vg® C Cp(R%), and that g = g for g € o1/nVg® - Then,
for f € WE(R?) and g € o,V (c0) we have

1f =Tl < 11 = glloo + 1749 = Taflloo < (1 + [Tal)llf = glloo-

As o1/, Vg® C Cy(R), the second assertion of the corollary is a consequence of the men-
tioned result in [30]. O
5.2 [P-approximation order in case of systems of type (a) (1 <p < c0)
For 1 < p < oo we prove an analogous result to Corollary 1 whenever only systems of type
(a) appear.

Corollary 2 Assume kp > d and that all the systems Y| satisfy Yif = f xh; with h; €
LIRY, 1=1,...,s (1/p+1/qg=1). Then

If =Tafl, <@+ Tal) min |f —gllp, feWyRY,

g€a1/p Vg

where |Tq|| denotes the norm of the operator Tq : LP(RY) — LP(R?). If the set of
generators ® = {¢;}7_, satisfies ¢;(t) = O([L+t]]7%7*¢) with e > 0, and the Strang-Fiz
conditions of order k, then

If =Taflle <CH*[flep . f € WHRY),
where the constant C does not depend on h and f.

Proof. Using inequalities (4) and (5) we easily prove that T'q : LP(R?) — LP(R?) is a
bounded operator. Theorem 1 proves that Tqg = g for g € V. Now, proceeding as in
Corollary 1, Lebesgue’s Lemma jointly with (31) yield the result. O

5.3 L’-approximation order

For systems of type (b) or (c), the operator I'q is not bounded in the LP-norm and,
consequently, in order to obtain an LP-approximation result we cannot apply Lebesgue’s
Lemma. However, returning to the Hilbert space case, the results by Jetter and Zhou in
[25] allow us to prove that the sampling operator I'q gives approximation order k, in case of
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a unique generator ¢ satisfying the Strang-Fix conditions of order k. The aforementioned
work [25] deals with the approximation order by means of linear operators of the type:

Q=Y [ ¥ [ Dora+adug@)] ol -, (32)

=1 aczd |BI<N;

where 1 g denotes a Borel finite measure. According to the notation in [25], let €; denote
Q(w) == Z (27riw)ﬁﬁlﬂ(w). In [25] it is proved that if the following conditions:
[BI<N,

©)  [1-Y Gww)| < ful,
=1

©@ Y [+ amw)| < ol

aezd\{0} =1

u _ 2
©) Y w3 @w)w+a)| < Gy, and
a€zZ4\ {0} 1=1

©) Y jwta* 3 \Z@(ww)ﬁl(wm)fg .

acZ\{0} pezi\{o} =1

are satisfied, a.e. on [~1/2,1/2)% then the operator Q) gives approximation order k. In
next theorem we prove that the sampling property I'qf = f for f € V¢2 and the Strang-Fix
conditions of order k for ¢ imply that the operator Q) := o I'qop,-1 satisfies the above
conditions and, as a consequence, the operator I'q gives approximation order k. Recall
that m denotes the largest order of the partial derivatives that appear in systems of type
(c) (m = 0 if there are only systems of type (a) or (b)).

Theorem 7 Assume that k > d/2 +m and that the generator ¢ of the space qu satisfies

]55\@1) € WFr(R?) for |3 < m, lw™mp(w) € L2(RY), and the Strang-Fiz conditions of order
k. Then,

IS = fllre@ay < Clfle2h®,  f € WyR?), (33)

where the constant C' is independent of f and h > 0.

First of all, notice that if the generator ¢ has compact support and the function
|6(w)|(1 + |w])d+m+e is bounded for some e > 0, then the hypotheses, lgﬁ\gb € WEtd(RY)
for |5 < m, and |w|m<;A5(w) € L2(RY), in the above theorem, are satisfied. Indeed, in this
case, |w|mp(w) € L(RY) C £2(R?) and lgﬁ\qﬁ € L'(R%). As a consequence of Bernstein’s
inequalities (see [31]), we obtain that 5@5 € WP(R?) for all n € N.

Before proving the theorem we need two technical lemmas.

Lemma 5 Assume that |5 < k and 5-5\¢ e WFYRY). If ¢ satisfies the Strang-Fiz
conditions of order k (30), then there exists a constant C such that

o w+a)d(w+ o) < Clulf, we[-1/2,1/2)".
acZ4\{0}

23



Proof. From the Strang-Fix conditions we have that D'Vlgfg\gb(a) = D7 [(ZWi-)ﬂ&ﬂ (o) =
for o € Z4\ {0}, |y| < k. Using the Taylor formula we obtain that, for all a € Z%\ {0},

D74 + )| < C ful* o 1DV DIl 40y w € U, (34)
¥yl=
where U := [~1/2,1/2)¢ and the constant C' does not depend on a. Using the Sobolev

imbedding W 4(U7) < WE (U) (see [1, p. 85]), we obtain that

mas | D7 D76 e w4 < D% (- +0) g ) < € 1570 (- + )y

Hence,

[DBg(w + )| < Clwl*| Do (- + a)l|yp+a wel,

)

where the constant C' does not depend on «; as a consequence, the inequality

S 1DBg(w + )] < Cluol | D73 ki gay
acZd\{0}

holds. O

Lemma 6 Let g be a function such that § € L>(RY). Then, the Poisson summation
formula Y cpa Gw + @) = 3 cpa 9(—a)e2™ @ holds in the L*([0,1)?) sense.

Proof. Since § € £*(R?) the function Y, 54 g(w + a) € L?[0,1)% as § € LY(R?) =
L'(R?%), the dominated convergence theorem gives the Fourier coefficients

/ Z (w + a)e™ B0y = / Z G(w + a)e2mibwra) gy

1 1
2’2 and 3:3) and

X,

d
and 272)

G(w + a)e 2™ (W) gy = / Gw)e TPy = g(—a).
Rd

g

Proof of Theorem 7. For the sake of simplicity, we prove the theorem for the case of
systems of type (c) (any system of type (b) can be considered as a particular case). For
systems of type (a) the proof follows the same steps in an easier way.

Throughout the proof C' denotes a generic constant, not necessarily the same in any
place. An equivalent estimation to (33) is |[Faf — fllz2maey < C|flr2 for f € WH(RY).
Since |oar flr2 < C|f|k,2 for some constant independent of f, in order to prove this last
estimation, it is sufficient to prove that [|Qf — fllp2re)y < C|f[k,2 for all f € W§(RY),
where @ := oy I'qop-1. Thus, we can derive our theorem by proving that the operator
(@ satisfies the conditions of Theorem 2.1 in [25].

First, notice that Q = op['qo -1 is an operator of the type considered in [25]. Namely,
it can be expressed as in (32) where

pr=onS; and dp g(x) = Z Clray 0(z — M~ dy ) d
IBI<|vI<N;

being ag, the constants satisfying DPo -1 = Zlvlﬁlﬁ\ ag~op-1D7.
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The properties of the Fourier transform allow us to check that ag, are the constants
satisfying (2miw)? = 2 h1<|8] ag~(2miM Tw)7. By using this fact it is easy to obtain that
Q(w) := Z clﬁ(QWiM_Tw)B627ridl’5'M7Tw.

IBI<N

In order to apply [25, Theorem 2.1}, along with conditions (C1)—(C4), the equality
@f(w) =37 m(w) > aczd f(w + a)Q(w + ) a.e., must be verified in the Fourier
domain for any function f € Wzk (RY). This representation can be obtained by applying
Lemma 7.2.1 in [13], and the Poisson summation formula in Lemma 6 with ¢g(t) = D" f(t+
M~Yd, 5), |v| <|8|. To this end, we need g € £2(R%). Indeed,

S wralfwra)] < Y wral Y ol fwta)P

a€Zd\ {0} acz4\{0} a€zd\{0}

Hence, since 2k — 2y > d,

~ 2
¥ 2v—2k
D SIUSRIUR RIS B TR Y PR
DT aeza\ (o} aeZd\ {0}
Next, we obtain an expression for the projection condition d(w)G(w) = [1,0,...,0] in

Lemma 1, in terms of g/g and €. Applying the Poisson summation formula, Lemma 6, [13,
Lemma 7.2.1], and that |w|™¢(w) € L2(RY), we have

qi, 1 Z Tl¢ e 2miaw Z Z Cl,ﬁDﬁQb(CY—F dlﬁ)ef%ria-w

a€zZd aeZd |BI<N
= Z aLp Z 2mi(w + @)  d(w + a)e2mdhs (wte) — Z d(w + )y (M [w+ a]), a.e
|B<N aczd aezd

As a consequence, the expression Y ;_; di(w +7j)g;1(w) = d;—1 can be written as

Zdl(w—i—rj) Z q/b\(w—f—a)ﬁl(MT[w—ka]) =0j_1, a.e.
=1

a€Zd

Having in mind Lemma 5 and that the functions d; are bounded, we obtain

‘5j_1 —Zdl(w—i-rj)(g( YU (M " w ‘ = ‘Zdl w+7j) Z w + )M (w+ @)

1=1 aezd\ {0}
< Clw|f, ae. on [-1/2,1/2)%

which proves that condition (C1) is satisfied. Besides, since e (R%) and 5(0) # 0, we

have that )zf Ldy(w + ) (M T w )\ < Clwl*, ae. on [~1/2,1/2)4 for j = 2,...,s

Then, taking into account that 7& = MTZ4{iy,io, ..., iges 0+, Lemma 5 and the stability
condition sup,ecrd > oczd |¢(w +a)]? < 0o a.e., and denoting

2
—‘Zdlw—i-r] (w+a+r) M Tw)|
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we obtain that

S — _ 2
> ‘ZUMSZ(MTM-FO()Q[(MT@U)
aczd\ {0} I=1

= | i+ AT ) B + T a0 )
aezd\{0} I=1

=D > Aaw)+ Y Ara(w)

J=2 aezd acZd\{0}
=SS dw o[ Y fwratn)) v Y Avalw)
Jj=2 1=1 a€Z4\{0} acZ\{0}

< Clw/*, ae. on[-1/2,1/2)%

which proves condition (C2). The weaker conditions (C3) and (C4) in [25] are easily
checked having in mind that we have assumed that k£ > d/2 + m. O
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