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Abstract

This work intends to serve as an introduction to sampling theory. Ba-
sically, sampling theory deals with the reconstruction of functions through
their values on an appropriate sequence of points by means of sampling
expansions involving these values. Reproducing kernel Hilbert spaces are
suitable spaces for sampling purposes since evaluation functionals are con-
tinuous. As a consequence, the recovery of any function from a sequence
of its samples depends on the basis properties of the reproducing kernel at
the sampling points.

1 Why are RHSKSs suitable spaces for sampling
purposes?

Roughly speaking, sampling theory deals with the reconstruction of functions
through their values (samples) on an appropriate sequence of points by means
of sampling expansions involving these values. This is not always possible: for
instance, a continuous function f on R is not completely determined by a sequence
{f(t,)} of its samples. As a consequence, one needs to impose some additional
condition on the function f. Hence, f must belong to some suitable spaces. For
example, assume that the function f belongs to a Hilbert space H of functions
on {2 (generally, a subset of R or C) such that any evaluation functional E; :
f € Hr— f(t) € Cis bounded, i.e., the space H is a reproducing kernel Hilbert
space (RKHS henceforth). Via Riesz representation theorem, for each t € €2 there
exists a unique k; € H such that f(t) = (f, k)3 for every f € H. In this manner,
the stable reconstruction of any f € H from the sequence of samples {f(t,)} at
{t,} C Q depends on whether the sequence {k;,} is a frame for H. Recall that
a sequence {z,} is a frame for a separable Hilbert space H if there exist two
constants A, B > 0 (frame bounds) such that

Allz|> <> e, 2,)* < Bllz||* for all 2 € H.
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Given a frame {z,} for H the representation property of any vector x € H as a
series * = Y ¢, T, is retained, but, unlike the case of Riesz (orthonormal) bases,
the uniqueness of this representation is sacrificed. Suitable frame coefficients
¢, which depend continuously and linearly on x are obtained by using the dual
frames {y,} of {x,}, i.e., {yn}nez is another frame for H such that

r = Z(x, Yn) Ty = Z(w,xn>yn for each x € H.. (1)
In particular, frames in H includes orthonormal and Riesz bases for H. Recall
that a Riesz basis in a separable Hilbert space H is the image of an orthonormal
basis by means of a bounded invertible operator. Any Riesz basis {x,} has a
unique biorthogonal (dual) Riesz basis {y,}, i.e., (Zn, Ym)n = On.m, such that the
expansions (1) hold for every x € H. An orthonormal basis is a self-dual Riesz
basis. For more details and proofs see (Christensen, 2003; Young, 2001).
In case the sequence {k;, } forms a frame for the RKHS #, and a dual frame
{Sn(t)} is available (a difficult problem in general), the sampling formula in H

F@&)=> (f k)u S Zf , teQ

n

holds. Notice that convergence in a RKHS H of functions defined on €2 implies
pointwise convergence in ). For simplicity, in what follows only orthonormal
and Riesz bases will be considered. An easy and straightforward sampling result
involving orthonormal bases is the following:

Theorem 1. (Sampling theorem in a RKHS)

Let H be a RKHS of functions defined on a subset () with reproducing kernel k.
Assume that there exists a sequence {t,}0>, C Q such that {k(-,t,)}3>, is an
orthogonal basis for H. Then, any f € H can be expanded as

t e, 2
Zf tm - ) (2)
with convergence absolute and uniform on subsets of €2 where the function t —
k(t,t) is bounded.

Proof. This result follows from the expansion of f € H in the orthonormal basis

{k(~,tn)/\/k(tn,tn)}°°: . Indeed, for each f € H we obtain

k()
= Z<f ¢T,t>ﬂm ;f w) n H.

Now, the convergence in norm in a RKHS H implies pointwise convergence in
) which is uniform on subsets of Q where the function t — k(¢,t) is bounded.
Moreover, since an orthonormal basis is an unconditional basis, the above sam-
pling series is pointwise unconditionally convergent for each ¢ € €2 and hence
absolutely convergent. O



The standard Hilbert space (*(N) is a RKHS with reproducing kernel k
the Kronecker delta, i.e., k(m,n) = 0mn, m,n € N. In this case, for any
{z(m)}2_, € (*(N) formula (2) trivially reads: z(m) =37, z(n) dnn, m € N.

Any finite dimensional euclidean space of functions defined on €2 is a RKHS;
next we give two interesting examples in this finite dimensional setting:

Trigonometric polynomials

Consider the space Hy of 2m-periodic trigonometric polynomials of degree <
N. Hy is a closed subspace of L?|—m, 7] endowed with the usual inner prod-
uct. An orthonormal basis for Hy is given by the set of exponential complex
{e**/\/2m 3N .. Therefore, the reproducing kernel for H is

N

| a1
kN(tas):% Z ek(t ):%DN(t_S)a
k=—N

where Dy denotes the N-th Dirichlet kernel (Partington, 1997, p. 9)

N sin(N—i-%)t .
DN(t) — Z e’ikt _ —Sin% lft c R \ 27TZ
2N +1 ifte2nZ

At the points s, = 2?\’21 € [-m, ], =N <n < N, the sequence {kN(-, sn)}:[:_N

is an orthogonal basis for H since
1 sint(m—n) 2N +1

M ipy mm=m) o
S 5N

<kN("8")’kN('78m>>L2[—7r,w} = kn(Sm, Sn) = O -

A direct application of the sampling formula (2) gives

N 2N+1

1 2rn \ sin (2552 ( _QZNL—Zl)
p(t)_2N+1n:ZNp<2N+1) sinl(t—Zm) tel-mm)

for every trigonometric polynomial p(t) = Z]kvz_ ~ k€™ in Hy. This interpola-
tion formula goes back to (Cauchy, 1841).

Orthogonal polynomials

Another important class of examples is given by finite families of orthogonal
polynomials on an interval of the real line. Consider, as an example, the particular
case of the Legendre polynomials { P, }°° , defined, for instance, by means of their
Rodrigues formula

o 1Lar
ol din

P(t) (*-1)"], n=0,1,....
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It is known that they form an orthogonal basis for L?[—1,1] and that ||P,|*> =
(n+3)~%

Consider the finite subspace Hy of L?*[—1,1] spanned by {Py, Pi,..., Py}
The Christoffel-Darboux formula for Legendre polynomials gives its reproducing
kernel

N

bn(t,9) = S+ 5) Pa(t)Py(s) = 2t P lO(0) = Pt v )
Note that ON 41
kn(t,t) = ——=— [Prnoa (1) Pu(t) — Py (t) Pyia(t)] -

2
We seek points {s,}Y_; in [—1,1] such that ky(sm, s,) = 0 for m # n, i.e.,

PN+1(5m) . PN—H(Sn)

PN(Sm) PN(Sn)

In particular we can take for {s,}2_, the N + 1 simple roots of Py, in (—1,1).
Thus, for every f(t) = Son_y cxr/ (k + ) Px(t) the finite sampling formula

Pyya(t)
- SN)PJ/\T—H(S”) ’

teR

TORDINEHI

holds. This formula is nothing but Lagrange interpolation formula for the samples
{f(s0)}_,. In general, one can take as sampling points {s, }_, the N +1 simple

roots of the polynomial Py1(t) — c¢Py(t) in (—1,1), where ¢ € R. The details on
orthogonal polynomials can be found in (Sansone, 1959; Szego, 1991).

2 A paradigmatic example: Paley-Wiener spaces

A function f € L*(R) is said to be band-limited to the interval [—m, 7] if its
Fourier transform f vanishes outside [—7, 7], i.e., f is supported in [—m, 7]. The
space of band-limited functions to [—m, 7] is known in the mathematical literature

as the Paley-Wiener space and denoted by PW,. That is,
PW, = {f € L*(R) : supp f C [—7r,7r]}.

e The space PW, is a closed subspace of L?(R) since the Fourier transform
F : L*(R) — L*(R) is a unitary operator and PW, = F(L*[—m,7]); the
space L?[—m, ] is identified to a closed subspace of L?(R) by extending to 0 on R
the functions of L?[—n, 7r]. Here, the Fourier transform is defined in L'(R)NL?(R)
as f(w) := 7= [0 [(#) e dt, and extended to L*(R) in the usual way.
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e By using the inverse Fourier transform, any f € PW, can be expressed as

1 ot —zwt
\/% 77|-f( ) dw:<f \/_>L2[7r7r]’

Cauchy-Schwarz’s inequality and Parseval equality, || f||r2@) = HfH [2[—mq]s GiVe,
for every t € R,

ft) = teR. (3)

—zwt

SO 1 ez ml!\/—HLz —rr] = 2@, fePWs.

In other words, evaluation functionals are bounded on PW, which consequently

it
is a RKHS. Its reproducing kernel is k.(t,s) = m, t,s € R; indeed,

m(t —s)
using Plancherel-Parseval theorem
e iws sin7(- — s)
fs) = < \/_>L2[7r7r]_<f’ = s) >L2(R)’ s eR.
Notice that
et sinw(t — s)
f1< —wﬂw)t:—’ tER

e—inw
ver
is a unitary operator we obtain that the sequence

{sin 7(t —n) }nez ()

7(t —n)

is an orthonormal basis for the Paley-Wiener space PW/.

e Since the sequence { } is an orthonormal basis for L?[—m, 7] and F~!
nez

e Moreover, having in mind that k. (¢,t) = 1 for all t € R, formula (2) yields the
famous Shannon’s sampling theorem (Shannon, 1949):

Theorem 2. (Shannon’s sampling theorem)
Any function f € PWy, i.e., band-limited to [—m, 7|, can be recovered from the
sequence of its samples {f(n)} by means of the formula

neZ
Z f(n Slnﬂ't—n) P (5)
0 w(t—mn) '

The convergence of the series is absolute and uniform on R.

Another proof of the above theorem is the following (Hardy, 1941): Given
f € PW,, the expansion of its Fourier transform f € L?[—m, | with respect to

the orthonormal basis {e_i”w /v QW}OO for L?*[—m, 7| gives

f: Z <ﬁ e—znw —mw Z f —mw

n=—oo n=—oo

in L*[—m,7]. (6)

ﬁ
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The inverse Fourier transform F~! in (6) gives

= /e = sinw(t —n) .,
f=> fn)F (\/%X[Tr,ﬂ(w» =y f(”)m in L*(R).

n=—oo n=—oo

nw

The convergence properties come again since PW, is a RKHS.

e Shannon’s sampling formula is an orthonormal expansion in PW,; Parseval’s
identity says that ||f||*> = > 02 _|f(n)|? for all f € PW,. In other words, the
energy FE; := ||f||* of the band-limited function f € PW, is contained in its
samples { f (n)}nez. The following commutative diagram goes into the meaning
of the sampling formula in PW,:

fePW; L Je L*[—7, 7]
s |7
f ~
{f(W)}nez € B(Z) —— f, € Ly[—m, ]
All mappings included in this diagram are unitary operators:
(a) S denotes the sampling mapping with sampling period Ty = 1.

(b) P is the 2m-periodization mapping which extends a function fin [—m, 7| to
the whole R with period 27.

(c¢) The other two mappings are, respectively, the functional Fourier transform in
L*(R) and the Fourier transform in ¢*(Z), defining the latter as F({a, })(w) :=

Zzo:foo an %'
The situation described by the diagram is depicted in Figure 1:

(1) /\ﬁN
=% oz o)

T

‘%’H’A’ T T\H—ﬁ\“‘ F

‘ t — -3n - | = 3t @

S

Figure 1: Time-frequency interpretation of Shannon’s sampling theorem

e As the space PW, is a RKHS contained in the Hilbert space L*(R), the repro-
ducing formula when applied to any f € L*(R) gives its orthogonal projection
onto PW,

sin7(- — s)

Ppw, f(s) = (/, =) >L2(R):(f>ksinc)(s), seR,



where * means the convolution operator and sinc denotes the cardinal sine func-
tion sinct := sinwt/nt, t € R.

e The crucial feature in PW, is that the sampling period is T, = 1 and it is not
relevant the points where the samples are taken. In fact, any function f € PW;
can be recovered from the sequence of samples { f(n+ a)}f;_oo, for a fixed a €

R. Observe that {e‘“”*‘”w /v 27r} is also an orthonormal basis for L?[—m, 7]
nez

sinw(t —n —a)

which goes, via F~!, onto the orthonormal basis { } for PW,.
m(t—n—a) Jnez

The expansion of any f € PW, with respect to this basis yields the new sampling
formula

G sin7(t —n —a)
= > fln+a) p ra——— teR.

n=—oo

e Shannon’s sampling formula (5) is nothing but a Lagrange-type interpolation
series. Indeed, formula (5) can be rewritten as

Slnﬂ't )

where P(t) :=sinnt, t € R.

e In general, one can consider the Paley-Wiener space PW,,, 0 > 0, of band-
limited functions to [—7mo, 70| defined as

PW,, = {f € L*(R) : supp f C [—7o, 7TO']} :

In this case the associated sampling period is Ty = 1/0. Indeed, for f € PW,,
define g(t) := f(t/o). Since g(w) = o f(ocw), the function g € PW,. Therefore

g(t) = f(t)o) = an/aw, teR.

n=—oo

The change of variable t/o = s gives, for any f € PW,,, the sampling formula

S f(n/a)%, SER.

The reproducing kernel for PW,, is k., (t,s) = osinco(t — s), t,s € R.

n=—oo

e Usually, the band of frequencies is centered at 0 since this is the case for real
band-limited functions. Indeed, for a real valued function f one has |f(w)|* =

fA(w)f(w) = f(w)f(—w), i.e., it is an even function. Let f be a function in L*(R)




band-limited to the interval [w — 1, wo+7]. Since §(w) = f(w+wp), the function
g(t) := et f(¢) is band-limited to the interval [—7, 7]. As a consequence

t .
g(t) = —Zwot Z e—zwon n M , te R’
w(t —n)

n=—oo

from which the sampling formula for f reads

Zf Zwotnsinﬁ(t—n)’ i
7(t —n)

n=—oo

Undersampling and oversampling

If one samples a function f in PW, with a general sampling period T > 0, the
question arises whether it is possible to reconstruct it from its samples { f(nT5)}.
It is indeed possible in the case where 0 < Ty < 1, i.e., sampling the signal at a
frequency higher than that given by its bandwidth [—m, 7]. For sampling periods
T, > 1, we cannot reconstruct the signal due to the aliasing phenomenon, which
will be explained below.

Firstly, it is easy to study the relationship between to sample f and to pe-
riodize its Fourier transform f. To this end, consider the sequence of samples
{f(nT )}nez taken from a function f € PW, with a samphng period T, > 0. Let
fp be the perlodlzed version of f ie. fp( w)=>"> f(w + —n)

n=—oo
Obv1ously, fp is a ——perlodlc function which belongs to L?[0, ?F’r] Its Fourier
expansion with respect to the orthonormal basis {/2= e} oy, of L?[0, 2]

has Fourier coefficients

27r 27 00

n= oz [ et =3 TS Flos Enjertens
0 ™ Jo n 00 s
\/ Z /TS A )ezmTS“’dw, m e Z

The change of variable w —|— 7.n = x allows us to obtain

/ 7 (n+1 ) [T
Z / ZstdeC _ / f zmTSmdl,
= \/_sf st

Thus, the Fourier expansion for f, is



Formula (7) is the so-called Poisson summation formula applied to fwith period
27 /Ts. Tt says that:

The Fourier transform of the sequence { f(mTs)}mez, i-€., the sampled function, is
precisely (up to a scale factor) the g,l—pem'odized version of the Fourier transform

foff.

e In the oversampling case, where 0 < Ty < 1, the Fourier transform fof f can
be recovered from the Fourier transform of the sampled function. Hence, the
function f can be also recovered. In terms of Shannon sampling theorem, the
explanation is easy: if a function is band-limited to the interval [—m, 7], is also
band-limited to any interval [—mo, 7o] with ¢ > 1. This situation is depicted in
Figure 2:

(fT)}, 45 F T [HO)
-m—m‘fﬁm 1 HMWWT - m_m m m

Figure 2: Oversampling case

e In the undersampling case, where Ty > 1, we cannot obtain the Fourier trans-
form of f from the Fourier transform of the sampled function because the copies
of f overlap in f,,. Hence, it is impossible to recover the function from its samples.
The alluded overlap produces the aliasing phenomenon, i.e., some frequencies go
under the name of another ones. As pointed out in (Hamming, 1973), this is a
familiar phenomenon to the watchers of TV and western movies. As the stage
coach starts up, the wheels start going faster and faster, but then they gradually
slow down, stop, go backwards, slow down, stop, go forward, etc. This effect is
due solely to the sampling the picture makes of the real scene. The undersampling
situation is depicted in Figure 3:

(). F T o)

e T T

t ®

xM T

l
Figure 3: Undersampling case

This undersampling /oversampling discussion clarifies the crucial role of the
critical Nyquist period which is given by Ty = 1/0 whenever supp f C [—7o, o).

Robust reconstruction: oversampling technique. The actual computation
of the cardinal series presents some numerical difficulties since the cardinal sine
function behaves like 1/t as || — oo. An easy example is the given by the
numerical calculation of f(1/2), for a function f in PW,, from a noisy sequence



of samples {f(n)+0,}. The error in this case

could be infinity.

One way to overcome this difficulty is the oversampling technique, i.e., sam-
pling the signal at a frequency higher than that given by its bandwidth. In this
way we obtain sampling functions converging to zero at infinity faster than the
cardinal sine functions. Indeed, consider the band-limited function

f(t) =

(=1)"3,
onwn-D) |’

even when all |d,| < 6,

e“'dw with F € L*[~mo,70] and o < 1.

7L

Extending F' to be zero in [—7, 7| \ [-70, 70|, we have

Zf

n=—oo

71,nw

in L*[—m, .

Let 6(w) be a smooth function taking the value 1 in [—mo, wo], and 0 outside
[—7, m]. As a consequence,

F(w) = 0(w) Flw) = niﬂn)ew)‘}; in 12[~m, 7],
and the sampling expansion
f&y=>" fm)Selt—n), teR,

holds, where Sy(t) is the inverse Fourier transform F~! of the function 6(w)/+v/27.
Consequently, Sy(t —n) = F~f(w) e~ /+/27](t). Furthermore, using the prop-
erties of the Fourier transform, as smoother 6 is, the faster the decay of Sy is as
|t| — oo. However, the new sampling functions {Sy(t — n)}>2__ are no longer
orthogonal and they do not belong to PW,,.

Next, let us consider an illustrative example. Take 0 =1 — € with 0 < e < 1,
and consider for #(w) the trapezoidal function

—00

si|lw] < 7(1—e),

Olw)=4q-(1- ’%’) sim(l—e¢) < |w <,

Om|)_|)—‘

si |w| > .

sin emt sin 7t
One can easily obtain Sy(t) = —

; - t € R, which behaves like 1/t as
em ™
|t| — oo0. The corresponding sampling expansion takes the form

Z f(n smew (t —n) sinm(t —n)

teR.
em(t—n) 7w(t—n) ’

n=—oo

In this example, if each sample f(n) is subject to an error §, such that |0,| <
J, then the total error in the above calculated f(¢) is bounded by a constant
depending only on 0 and e (Partington, 1997, p. 211).
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The Paley-Wiener space PW, as a RKHS of entire functions

Any function f € PW, can be extended to any z € C as

1 T 12w
1) = o= / T, (8)

This extended function f is proved to be a continuous function on C by using
a standard argument allowing interchange the limit with the integral. Taking
v : [a,b] — C a closed curve in C, the integral

[rera= o | ([ Feretas )

is shown to be zero by interchanging the order of the integrals. Hence, Morera’s
theorem says that f is an entire function.

Moreover, f is a function of exponential type at most mw, i.e., f satisfies an
inequality |f(z)| < Ae™l for all z € C and some positive constant A. It follows
from (8) by using the Cauchy-Schwarz inequality. Indeed, for z = z + iy € C one
has

T e™lvl LN
savin < [C1Flemars T [ las < il

2m J_x

Conversely, Paley-Wiener theorem, whose proof can be found, for instance, in
(Young, 2001, p. 101) says us that these properties characterize the space PW,:

Theorem 3. (Paley- Wiener theorem) Let [ be an entire function such that
|f(2)| < Ce™l, for any z € C, and flg € L*(R). Then there exists a function
F € L?[—n, 7] such that

f(z):\/%/Tr F(w)e *dw, z¢€C.

Consequently, PWy = { [ € H(C) : |f()] < Ae™l, f|z € L*(R)}. Consider-
ing the space PW, as a RKHS of entire functions, its reproducing kernel is given
by

kr(z,w) =sinc(z —w), z,weC,

since
e _/, sinw(- — W)
f(w) - <f7 \/%>L2[—7r,7r] - <.fa ’/T(- _ w) _>L2(R) for any w € C.
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Irregular sampling: Paley-Wiener-Levinson’s theorem

Let {t,}nez be a sequence of real numbers such that D := sup,,cy [t, — n| < 1/4;
hence, by i—Kadec’s theorem (Young, 2001, p. 42) the sequence {e*i’f"w/\/ﬁ}nEZ
is a Riesz basis for L*[—n, 7). Consider its dual Riesz basis {h, tnez in L?[—, 7];
given f € PW,, expand its Fourier transform f € L?|—n,m| with respect to
{hn }nez obtaining

F= Y (J.e™/Nomyhy= > f(ta)hn in L*[—m,7).

n=—oo n=—oo

The inverse Fourier transform F~! gives in PW, the sampling formula

fO) =Y fltn) (F'ha)(®), tER. (9)

n=—oo

The problem consists of identifying the sampling functions (F~'h,)(t). By using
entire functions techniques, Paley-Wiener-Levinson (Levinson, 1940) proved that

G(t) = t t

n=1 tn tfn
In other words, sampling formula (9) is again a Lagrange-type interpolation series.
As a consequence, the sequences

(e = e e

form a pair of dual Riesz bases for PW,.

The irregular sampling studied here corresponds to that associated with the
time-jitter error, i.e., t, = n + d,, n € Z. The general case concerns with real
sequences {t, }nez for which there exist constants 0 < A < B < oo such that

AIFIP <) 1) < B|IfIP for all f € PW,.

neL

This means that the sequence {e~#*/y/ 27r}n€Z is a frame for L?[—7,7]. See,
for instance, Refs. (Benedetto, 1992; Duffin and Schaeffer, 1952; Feichtinger and
Grochenig, 1994).

Sampling by using samples of the derivative

It is possible to recover any function f € PW, by using its samples {f(2n)},ez
taken at half the due sampling rate, along with the samples {f’(2n)},cz taken
from its first derivative. Namely,

12



Any function f € PW, can be recovered from the two sets of samples {f(2n)}nez
and {f'(2n) }nez by means of the formula

= 3 (gm0} [HEC BT e

For the proof, let f € L*[—m, m| be the Fourier transform of f; having in mind
its 2m-periodic extension, the following Fourier expansions in L?[—, 7| hold

e}

—mw N e—inw
and Ww—T)= —1)"f(n .
nz_oof flo-m= 3 0
1 ~
As a consequence, the function S(w) = 5[ (w) + f(w — m))] admits the Fourier
expansion
> e—i2nw
S(w) = 2n in L?[0,
=3 =
In a similar way, since
()= — zwf( )e'dw, teR,

\/__ﬂ

the following expansions in L?*[—, 7| hold

o

iwf(w Z P amd i fw-m) = 3 (—1)”f’(n)e\;;i;.

i o~ ~

Hence, the function R(w) = i[wf(w) (w— 7)f(w — m)] admits the Fourier

expansion
e —12nw
e
R(w) = E '(2n in L2[0, 7] .
(w) Z f'(2n) o [0, ]

Grouping both expansions, for w € [0, 7|, we have

(15%8) - (L o - 7r>) (f(i(f)ﬂ) |
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Introducing this splitting of f into (3) yields after some calculations

0= L[ o
! ’ N 2 e—lQle itw

= Var ) n;w [—(w+m)f(2n) + —f'(2n)] N
! S 2 e—ZQNUJ itw

v ), 2 e - 2 (o) e

e U o

2 (—isgnw)
+ 2 = 2n)ef g L e R.
2 [ e }

The desired result comes by using the Fourier duals

sinc (f) sin (W—t) / ! sgnw e dw
2 2 \ 27
sm(:2( ) / \/7 ]w[ ™ dw .
2 Vo

For derivative sampling, see (Higgins, 1999) and references therein.

and

3 Generalizing Paley-Wiener spaces

Paley-Wiener spaces can be generalized in different ways; two of these genera-
lizations are briefly developed:

1. The first one consists in substituting the Hilbert space L?|—, 7] and the
Fourier kernel in expression (3) by an arbitrary Hilbert space ‘H and a kernel
K :Q >t~ K(t) € H, and thus consider, for each x € H, the function

= <:z:,K(t)>H, te .

2. According to Shannon’s sampling theorem, Paley-Wiener space PW, is a
shift-invariant subspace in L?(R) generated by the sinc function, i.e., it can
be described as PW, = {3, . an sinc(t —n) where {a,} € (*(Z)}. Other
generalization consists of replacing the sinc function by another generating
function ¢ € L*(R) having better properties.

Of course, these generalizations do not cover all the possible situations. For
example, de Branges spaces are RKHSs of entire functions which also generalize

Paley-Wiener spaces. Sampling results in de Branges spaces can be found in
(Garcia et al., 2013; Nashed and Walter, 1991).
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3.1 RKHSs obtained by duality from an arbitrary Hilbert
space

Let H be a separable Hilbert space and let K : @ — H be an H-valued map-
ping. Assume that there exists a sequence {¢,}>2; in 2 such that the sequence
{K(t,)}22, is an orthogonal basis for . Under these circumstances:

1. Consider the set of functions defined on €2
Hi ={fe : Q= C: fu(t) = (z,K(t))n where z € H}.

The map Tk : H — Hx defined by Tk (x) := f, is a linear and bijective mapping.
To obtain that Tk is one-to-one, suppose that f, = 0 in Hg. In particular,

fo(tn) =0=(x,K(t,))y forallneN,

which implies = 0 since the sequence {K(t,)}52, is a complete set in H.

2. The space Hy endowed with the inner product (f, fy)wu, = (z,y)n Is a
Hilbert space which inherits the hilbertian structure of H. Moreover, it is a
RKHS; indeed, for each t € R, the evaluation functional at ¢ € {2 is bounded
since Cauchy-Schwarz’s inequality gives

[fo()] = (2, K@))n| < 2l [ KOl = | fellrr [KE@ e f € Hic

Besides, the mapping T is, obviously, a unitary operator between the spaces H
and Hy. The reproducing kernel in Hy is

k(t,s) = (K(s), K(t))n, t,scQ.

Indeed, for each fixed s € Q, the function k(-, s) = Tx (K (s)) belongs to H, and
the reproducing property

fo(s) = (2, K(8))n = (Tx (x), T (K (5)) )ase = (far k() pse» S €Q, fo € Hic,
holds. One can find these spaces, for instance, in (Parzen, 1970; Saitoh, 1997).

3. Since (k(-,tn), k(- tm)) 1 = k(tm,tn) = (K(tn), K(tm))#n, it is easy to check
that the sequence {K (tn)}zozl is an orthogonal basis for the auxiliary Hilbert
space H if and only if the sequence {k(, tn)}zozl is an orthogonal basis for the
RKHS Hg. Thus, in this context, for any f € Hx the sampling formula (2) reads

N g (), K ()
f(t)—;f(tn) TN

The convergence is absolute and uniform on subsets of {2 where the function
t — || K(t)]|3 is bounded. The above sampling formula is nothing but an abstract
version of the Kramer sampling theorem; see (Garcia et al., 2014; Higgins, 1996;
Zayed, 1993), for instance.
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Some illustrative examples

Next, some examples following the above construction are exhibited; for the omit-
ted details see (Garcia, 2000; Garcia, 2002):

(i) Consider the Hilbert space H := L?[0, 7], the mapping K. : R — L*[0, 7]
such that K (t)(w) := costw, w € [0, 7], and the sequence {t,,} = {0} UN. Then,
any function f defined as

= (F, Kc(t)>L2[0’ﬂ = /0 F(w)costwdw, teR,

for some F' € L?[0, ], can be recovered from the sampling formula

sm7rt "tsin it
f)y=f —Zf , teR.

_n2

The reproducing kernel of the corresponding H g, space is

ke(t,s) = PER [tSiIlﬂ't COSTTS — 5 COS Tt SiIlﬂ'S] , t,seR.
(ii) Analogously, considering K (t)(w) := sintw, w € [0, 7], and the sequence
{t,} = N one obtains the sampling formula

Zf nsmmf’ LeR,

for any function f having the form

= (F, K,(t) :/ F(w)sintwdw, teR,
0

>L2[0,7r]
where F' € L?[0, ).

Functions in example (i) coincide with even functions in the Paley-Wiener
PW,., whilst functions in example (ii) coincide with odd functions in PW,. In
fact, the orthogonal sum PW, = Hg, & Hy, holds.

(iii) The Fourier-Bessel set {y/w J, (wt )} is known to be an orthogonal basis
for L?[0, 1], where t,, is the n-th posfmve zero of the Bessel function J, (t), v > —1.
The Bessel function of order v is given by

t 2n
(¢ - . tcR.
) = 2”FV+1 [ +Z:n'l+u n+y) (2) ] <

For any ¢ € R, consider K,(t) € L?[0,1] defined by K,(t)(w) := vwt J,(wt),
w € [0, 1], and the sequence of zeros {t,}2° ;. Any function f defined as

£ = (B Kot)) 0 = / Flw)Wat J,(wt)dw, teR,
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where F' € L?[0, 1], can be recovered by means of the sampling formula

Zf wﬁj()

teR.
t2—t2>

The reproducing kernel of the corresponding RKHS H,, is

\/S_ts [tTs1(t) o (s) = sTupa(s) I (t)], t,s €R.

t2— 2

k,(s,t) =

(iv) Finally, consider K : R — L?*[—m, 7] defined by K(t)(w) := ¢t*+w ~wt)
w € [—m,7m]. For the sampling points {t,} = Z the sequence {K(t,)}necz is an
orthogonal basis for L?[—, 7]. Hence, any function f given as

s

f(t):<F,K(t)>L2[_M]:/ Flw) e @+ut=uw g 4 e R

—T

where F' € L?|—7, 7], can be expressed as the sampling series

_ = _i@—n)SInT(t —n) feR
nzzoof(n) e i €k
The above formula is the corresponding sampling formula valid for band-limited

functions to the interval [—m, 7| in the sense of the fractional Fourier transform
(FRFT).

3.2 Shift-invariant subspaces in L?(R)

Although Shannon’s sampling theory has had an enormous impact, it has a num-
ber of problems, as pointed out in (Unser, 2000): It relies on the use of ideal filters
(in other words, in Figure 1, fcan be obtained from j/; multiplying by the char-
acteristic function X[z ]); the band-limited hypothesis is in contradiction with
the idea of a finite duration signal (f is an entire function); the band-limiting
operation generates Gibbs oscillations; and finally, the sinc function has a very
slow decay at infinity which makes computation in the signal domain very ineffi-
cient. Moreover, many applied problems impose different a priori constraints on
the type of signals. For this reason, sampling and reconstruction problems have
been investigated in spline spaces, wavelet spaces, and general shift-invariant
spaces; signals are assumed to belong to some shift-invariant space of the form:
V2 :=span2{¢(t — n)}nez Where the function ¢ in L*(R) is called the generator
of V;.

Let V‘f = W{gp(- — n)}nEZ be a shift-invariant space with stable generator
¢ € L*(R) which means that the sequence {¢(- —n)}nez is a Riesz basis for V2.
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The sequence {p(- — n)}nez is a Riesz sequence in L?(R), i.e., a Riesz basis
for V; if and only if there exist two positive constants 0 < A < B such that

AN 1w+ kKPP <B, aewel0,1],

kEZ

where @ stands for the Fourier transform of ¢ (here, it is defined in L'(R)N L?*(R)
as p(w) := [~ p(t) e ?Mid¢ ) (Christensen, 2003, p. 143). Thus we have that

VE={Y el —n) : {an} € A@)} C I*(R).

ne”L

It is also assumed that the functions in the shift-invariant space V@2 are continuous
on R. This is equivalent to say that the generator ¢ is continuous on R and the
function ¢ — Y, [¢(t—n)|? is bounded on R as proved in (Zhou and Sun, 1999).
Thus, any f € V2 is defined on R as the pointwise sum f(t) = 3, ., anp(t — n)
for each t € R.

On the other hand, the space V} is the image of the Hilbert space L?[0, 1] by
means of the isomorphism

Ts L?[0,1] — V7
{e7™ ez +— {o(t —n)}nez

which maps the orthonormal basis {e>""}, 7 for L?[0,1] onto the Riesz basis
{o(t —n)}nez for V2. For any f € V2 there exists F' € L*[0, 1] such that

f(t) = 7:0F<t) = Z<Fa e—2m’nx>(p(t . n) _ <F, Zme—%mx>

nez nez (11)
- <F, Kt> y t S R,

where, for each t € R, the function K; € L?[0, 1] is given by

Ki(x) = Z ot —n)e 2 = Z o(t + n)e2mine = Zop(t, x). (12)

nez ne’l

Here, Zp(t,z) :== >, p(t +n)e 2™ is just the Zak transform of the function
v; see (Christensen, 2003, p. 215) for properties and uses of the Zak transform.
As a consequence, the shift-invariant space V? is a RKHS in L*(R).

The mapping 7, has the shifting property T,(e >™™*F)(t) = (T,F)(t — m),
t€Rand m € Z.

From (11), for a € [0,1) fixed and m € Z we have

fla+m) = (F, Ko}z = (F,e ™ K)oy, F=T,'F.

In order to obtain a sampling formula in VWQ, we look for sampling points of the
form t,, := a +m, m € Z, such that the sequence {e_z’”mzKa(x)}mEZ is a Riesz
basis for L]0, 1].
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Recalling that the multiplication operator m, : L*[0,1] — L?[0,1] given as
the product my(f) = gf is well-defined if and only if g € L>[0, 1], and then, it is
bounded with norm [|m,|| = ||g||e, the following result comes out:

The sequence of functions {e’zmmea(x)}mEZ is a Riesz basis for L*[0,1] if
and only if the inequalities 0 < ||Kullo < ||[Kalloo < 00 hold, where || K,|o =
essinfie ) [Ka(z)| and || Kolloo == esssup,ep ) [Ka(z)|. Moreover, its dual Riesz

basis is {e 2™ | K, (x)}

mez’

In particular, the sequence {e_%im”cKa(x)}meZ is an orthonormal basis in
L?[0,1] if and only if |K,(z)| = 1 a.e. in [0, 1].

Let a be a real number in [0,1) such that 0 < || K,llo < || Kul|leo < 00. Any
F € L]0, 1] can be expanded as

I = Z(Fa e—27rimx K

2 2 =0 in L2[0,1].  (13)

Having in mind the shifting property of 7,
<e_2”m”/7a(a:), Kt($)>L2[O,1] = 7;(6_2”””/7@(95))(75) =S,(t—m), teR,

where S, == T,(1/K,) € V2. Thus, the isomorphism 7, acting in formula (13)
gives the sampling result in V2:

Any function f € V; can be expanded as the sampling series

Zfa—l—n J(t—n), teR. (14)

n=—oo

The convergence of the series in (14) is absolute and uniform on R since the
function t — || K[> =3, 7 lo(t —n)|? is bounded on R.

Some examples involving B-splines

Consider the space V; for the generator ¢ := N,,, where N,, is the B-spline of
order m — 1, i.e., Ny, := Ny % Ny % --- % Ny (m times) and Ny := xp, i-e,
the characteristic function of the interval [0,1]. It is known that the sequence
{N(t - n)}neZ is a Riesz basis for V3 (Christensen, 2003, p. 69). For example,
the following sampling formulas hold:

(1) For the quadratic spline N3 we have ZNj(t,2) = &+ [3 — (t—1)?] 2 + @22
where z = e 2™, Thus, for ¢t = 0 we have ZN3(0,x) = (1 + 2) which vanishes at
x = 1/2. However, for t = 1/2 we have ZN3(1/2 z) = £(1+ 62z + 2%); according
to (12) we deduce 0 < | Kisllo < || K12l < o0 Hence, for any f e Vg, we

have

an+ ) S1a(t—m), teER,

n=—oo

19



where Sy /o(t) = V2> 00 (2v/2 — 3)I"*1 Ny(¢t — n). This function has been
obtained from the Laurent expansion of the function 8(1 + 6z + 2?)~! in the
annulus 3 — 2v/2 < |z| < 34+ 2v/2.

(2) Since ZNy(0,z) = (1 + 4z + 2%) = (2 — A)(z — 1/A) where z = e~™" and
A = /3 — 2, according to (12) we deduce that 0 < ||Ko|lo < || Ko|lee < 00. Thus,

for any f € Vg, we have

f&)= > f(n)So(t—n), teR,

n=—oo

where Sp(t) = V3> 20 (—=1)"(2—V/3)"l Ny(t —n+2). To obtain the function
Sy we have used the Laurent expansion of the function 6(z + 42? + 2z3)~! in the
annulus 2 — V3 < |z| <2+ V3.

4 Some final comments

In this introductory work the basic sampling theory in a RKHS is exhibited. The
leitmotiv was the classical sampling theory in Paley-Wiener spaces, which includes
the well-known Shannon’s sampling theorem, and some of its generalizations,
including shift-invariant spaces in L?(R). In the literature one can find nice
surveys (Butzer, 1983; Higgins, 1985; Jerri, 1977; Nashed and Walter, 1991; Yao,
1967) or books (Higgins, 1996; Zayed, 1993) on this subject.

Although sampling theory is not only privative of RKHSs (Butzer and Stens,
1992; Higgins, 1996; Nashed and Sun, 2010, 2012; Zhang and Zhang, 2011) this
is the setting where the theory becomes more natural. Besides, another impor-
tant topic concerns to sampling and interpolation in spaces of analytic functions,
including, in particular, RKHSs of entire functions; see, for instance, (Seip, 2004)
and the references therein.

The first sampling result in shift-invariant spaces was published in 1982 (Wal-
ter, 1982); it was the beginning of a significant literature on sampling and recon-
struction problems in spline spaces, wavelet spaces, and general shift-invariant
spaces. Moreover, in many common situations, the available data are samples
of some filtered (convolved) versions f * h;, j = 1,2,...,s, of the function f
itself, where each average function h; reflects the characteristics of an acquisition
device. This leads to generalized or average sampling in shift-invariant spaces;
notice that derivative sampling in Paley-Wiener spaces is a particular case. See
(Aldroubi and Grochenig, 2001; Aldroubi, 2002; Aldroubi et al., 2005; Garcia and
Pérez-Villalon, 2006; Garcia et al., 2012; Kang and Kwon, 2011; Sun and Zhou,
2003; Zhou and Sun, 1999) and the references therein.

20



References

1]

2]

[12]

[13]

A. Aldroubi and K. Grochenig. Non-uniform sampling and reconstruction in
shift-invariant spaces. SIAM Rev., 43:585-620, 2001.

A. Aldroubi. Non-uniform weighted average sampling and reconstruction in
shift-invariant and wavelet spaces. Appl. Comput. Harmon. Anal., 13:151—
161, 2002.

A. Aldroubi, Q. Sun, and W-S. Tang. Convolution, average sampling, and
a Calderon resolution of the identity for shift-invariant spaces. J. Fourier
Anal. Appl., 11(2):215-244, 2005.

J. J. Benedetto. Irregular frames and sampling. In C. K. Chui, editor,
Wavelets-A Tutorial in Theory and Applications. Academic Press, San Diego,
CA, 1992. pp. 445-507.

P. L. Butzer. A survey of Whittaker—-Shannon sampling theorem and some
of its extensions. J. Math. Res. Fxposition, 3:185-212, 1983.

P. L. Butzer and R.L. Stens. Sampling theory for not necessarily band-limited
functions: A historical overview. SIAM Rewv., 34:40-53, 1992.

A. L. Cauchy. Mémoire sur diverses formules d’analyse. Comptes Rendues
Acad. Sci. Paris, 12:283-298, 1841.

O. Christensen. An Introduction to Frames and Riesz Bases. Birkhéuser,
Boston, 2003.

R. Duffin and A. Schaeffer. A class of nonharmonic Fourier series. Trans.
Amer. Math. Soc., 72:341-366, 1952.

H.G. Feichtinger and K. Grochenig. Theory and practice of irregular sam-
pling. In Benedetto and Frazier, eds., Wavelets: Mathematics and Applica-
tions. CRC Press, Boca Raton, FL, 1994. Ch. 8.

H. R. Fernandez-Morales, A. G. Garcia and G. Pérez-Villalén. Generalized
sampling in L?(R?) shift-invariant subspaces with multiple stable generators.
In Multiscale Signal Analysis and Modeling, edited by X. Xhen and A. Za-
yed, pp. 51-80, Lecture Notes in Electrical Engineering, Springer, New York,
2012.

A. G. Garcia. Orthogonal sampling formulas: a unified approach. Siam Rev.,
42: 499-512, 2000.

A. G. Garcia. A brief walk through Sampling Theory, Advances in Imaging
and FElectron Physics, 124: 63-137, 2002.

21



[14]

[25]

[20]

[27]

A. G. Garcfa and G. Pérez-Villalon. Dual frames in L?*(0,1) connected
with generalized sampling in shift-invariant spaces. Appl. Comput. Harmon.
Anal., 20:422-433, 2006.

A. G. Garcia, M. A. Herndndez-Medina and F. H. Szafraniec. Analytic
Kramer kernels, Lagrange-type interpolation series and de Branges spaces.
Complex Var. Elliptic Equ., 58(1):79-97, 2013.

A. G. Garcia, M. A. Hernandez-Medina and M. J. Munoz-Bouzo. The
Kramer sampling theorem revisited. Acta Appl. Math., DOI:10.1007/s10440-
013-9860-1, 2014.

R. W. Hamming. Numerical Methods for Scientists and Engineers. Dover,
New York, 1973.

G. H. Hardy. Notes on special systems of orthogonal functions, IV: The
Whittaker’s cardinal series. Proc. Camb. Phil. Soc., 37.331-348, 1941.

J. R. Higgins. Five short stories about cardinal series. Bull. Amer. Math.
Soc., 12:45-89, 1985.

J. R. Higgins. Sampling Theory in Fourier and Signal Analysis: Foundations.
Oxford University Press, Oxford, 1996.

J. R. Higgins. Derivative sampling-a paradigm example of multichannel
methods. In Sampling Theory in Fourier and Signal Analysis: Advanced
Topics, edited by J. R. Higgins and R. L. Stens. Oxford University Press,
Oxford, 1999. Ch. 3.

A. Jerri. The Shannon sampling theorem and its various extensions and
applications: a tutorial review. Proc. IEEE, 68(11):1565-1596, 1977.

S. Kang and K. H. Kwon. Generalized average sampling in shift-invariant
spaces. J. Math. Anal. Appl., 377:70-78, 2011.

N. Levinson. Gap and Density Theorems. AMS Colloq. Publ., Vol. 26, New
York, 1940.

M. Z. Nashed and G. G. Walter. General sampling theorems in reproducing
kernel Hilbert spaces. Math. Control Signals Sys., 4:373-412, 1991.

M. Z. Nashed, and Q. Sun. Sampling and reconstruction of signals in a
reproducing kernel subspace of LP(R?). J. Funct. Anal., 258:2422-2452, 2010.

M. Z. Nashed, and Q. Sun. Function Spaces for Sampling Expansions. In
Multiscale Signal Analysis and Modeling, edited by X. Xhen and A. Zayed,
pp-81-104, Lecture Notes in Electrical Engineering, Springer, New York,
2012.

22



28]

[29]

[30]

[31]
[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

J. R. Partington. Interpolation, Identification and Sampling. Clarendon
Press, Oxford, 1997.

E. Parzen. Statistical inference on time series by RKHS methods. Proc.
of 12th Biennial seminar of the Canadian Mathematical Congress, Amer.
Math. Soc., 1970.

S. Saitoh. Integral Transforms, Reproducing Kernels and Their Applications.
Pitman Research Notes in Mathematics Series 369, Longman, Harlow, 1997.

G. Sansone. Orthogonal functions. Dover, New York, 1991.

K. Seip. Interpolation and Sampling in Spaces of Analytic Functions. AMS
University Lectures Series, Vol. 33, Providence, RI, 2004.

C. E. Shannon. Communication in the presence of noise. Proc. IRE, 137:10—
21, 1949.

W. Sun and X. Zhou. Average sampling in shift-invariant subspaces with
symmetric averaging functions. J. Math. Anal. Appl., 287:279-295, 2003.

G. Szeg6. Orthogonal Polynomials. AMS Collog. Publ., Vol. 23, Providence,
RI, 1991.

M. Unser. Sampling 50 Years After Shannon. Proc. IEEE, 88(4):569-587,
2000.

G. G. Walter. A sampling theorem for wavelet subspaces. [IEEFE Trans.
Inform. Theory, 38:881-884, 1992.

K. Yao. Applications of reproducing kernel Hilbert spaces—bandlimited signal
models. Informations and Control, 11:429-444, 1967.

R. M. Young. An Introduction to Nonharmonic Fourier Series. Academic
Press, 2001.

A. 1. Zayed. Advances in Shannon’s Sampling Theory. CRC Press, Boca
Raton, 1993.

H. Zhang and J. Zhang. Frames, Riesz Bases, and Sampling Expansions
in Banach Spaces via Semi-inner Products. Appl. Comput. Harmon. Anal.,
31:1-25, 2011.

X. Zhou and W. Sun. On the Sampling Theorem for Wavelet Subspaces. J.
Fourier Anal. Appl., 5(4):347-354, 1999.

23



Cross-references: The Reproducing Kernel Property and Its Space: Then and
Now; Various Applications of Reproducing Kernels; Hilbert Spaces of Entire
Functions: Early History.

Keywords: Sampling formulas; Reproducing kernel Hilbert spaces; Frames;
Paley-Wiener spaces; Shift-invariant spaces.

24



