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Abstract. We introduce a new family of strong linearizations of matrix polynomials—which we
call “block Kronecker pencils”—and perform a backward stability analysis of complete polynomial
eigenproblems. These problems are solved by applying any backward stable algorithm to a block
Kronecker pencil, such as the staircase algorithm for singular pencils or the QZ algorithm for regular
pencils. This stability analysis allows us to identify those block Kronecker pencils that yield a
computed complete eigenstructure which is exactly that of a slightly perturbed matrix polynomial.
The global backward error analysis in this work presents for the first time the following key properties:
it is a rigurous analysis valid for finite perturbations (i.e., it is not a first order analysis), it provides
precise bounds, it is valid simultaneously for a large class of linearizations, and it establishes a
framework that may be generalized to other classes of linearizations. These features are related to
the fact that block Kronecker pencils are a particular case of the new family of “strong block minimal
bases pencils”, which are robust under certain perturbations and, so, include certain perturbations
of block Kronecker pencils.
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1. Introduction. Matrix polynomials appear in many applications in engineer-
ing, mechanics, control, linear systems theory, and computer-aided geometric design.
They may arise directly or as approximations of highly nonlinear eigenvalue problems.
The classical works [36] [47, [66] and the modern surveys [40, [60} [70] include discussions
of different applications of matrix polynomials. Those readers unfamiliar with matrix
polynomials can find in Section 2] most of the concepts mentioned in this introduction.

Square regular matrix polynomials are related to polynomial eigenvalue problems
(PEPs), i.e., to the computation of all of the eigenvalues of the polynomial, while sin-
gular matrix polynomials are related to complete polynomial eigenproblems (CPEs),
i.e., to the computation of all of the eigenvalues and of all of the so-called minimal in-
dices of the polynomial. Although in the last years the main focus has been on regular
matrix polynomials, problems related to singular matrix polynomials are also quite
common. Thus, in engineering practice, singular problems allow to add redundancy
into the models and, in this way, to regularize ill-conditioned problems [5], 49 [59].
Moreover, singular matrix polynomials are fundamental in the area of systems and
control, where they model systems of differential equations whose behavior has to be
“controlled”. This was nicely synthesized in the pioneering work of Rosenbrock [66],
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who introduced quadruples of matrix polynomials {T'(A), U(\), V(X), W(\)} to model
such systems. The Smith form [33] of the matrix polynomials

T () —U(A)}
V) Wy e

and of the first block row and the first block column of P,()), denoted as P.(\) and
P,(\), respectively, define the so-called poles and zeros of the transfer function of
such systems, as well as the notions of controllability and observability. The matrix
polynomial P,()) is square and invertible and defines the poles of the system, which
are its natural frequencies. The matrix polynomial P,(\) may be non-square or sin-
gular and describes the zeros of the system, which are the frequencies that are filtered
by the system, and the minimal indices that characterize its left and right “singular”
null space structures. Finally, the Smith form of the non-square matrix polynomials
P.(\) and P,(\) yields conditions on the controllability and observability of the sys-
tem. The importance of computing the finer details of the Smith zeros and minimal
indices of a matrix polynomial was already stressed in the eighties [72], [47], and was
revived later in the behavioral modeling of dynamical systems [57]. It also appears in
other problems in this area, as, e.g., in deadbeat control problems [73]. In all of these
problems it is very important to have reliable numerical algorithms for computing the
relevant structural information of potentially singular matrix polynomials.

The numerical solution of PEPs and CPEs is usually performed by embedding the
coeflicients of the associated matrix polynomial into a larger linear matrix polynomial,
or matrix pencil, called a linearization, and then applying well-established algorithms
for matrix pencils to the linearization, like the QZ algorithm in the regular case [38],
or the staircase algorithm in the singular case [71], potentially enhanced with the
stratification of the orbits of pencils [28] 29]. This linearization approach for solving
numerically PEPs and CPEs was proposed for the first time in [72, [74]. We emphasize
that particular examples of linearizations of matrix polynomials had been used before
for different purposes. For instance, a variant of the Frobenius companion linearization
of any matrix polynomial (regular or singular) is considered in [37], Section 3.4], where
some interesting properties of this Frobenius-like linearization are established. Formal
definitions of linearization and strong linearization of regular matrix polynomials can
be found in [36] and [35], respectively, and in [12] for singular matrix polynomials.
A thorough treatment of the definition of linearization and strong linearization and
their implications can be found in [I7].

The linearizations used most often to solve PEPs and CPEs are the well known
Frobenius companion forms. They are used in [74] and in the command polyeig
of MATLAB. They have many favorable properties; in particular, it was proven in
[74] that they yield computed solutions of PEPs and CPEs which are exactly those
of slightly perturbed matrix polynomials (i.e., from the polynomial point of view
they have perfect structured backward stability). However, it is well known that the
Frobenius companion forms do not preserve the algebraic structures that are often
present in the matrix polynomials arising in applications. Therefore, the rounding
errors inherent to numerical computations may destroy qualitative properties of the
eigenstructures of such polynomials when they are computed via the Frobenius forms.
In addition, it is also known that Frobenius forms do not deliver accurate solutions
of PEPs when the matrix coefficients of the polynomial have very different norms;
this problem has to date only been addressed in the quadratic case [41] [78]. These
drawbacks have motivated an intense activity in the last few years towards the de-
velopment and analysis of new classes of linearizations of matrix polynomials, with

PP(/\) :T()‘)a Pz()‘) = |:
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special emphasis on linearizations that preserve certain structures important in ap-
plications (see, as a small sample, [II, 3] [6] [7, @ 111, 14, [15] BT, 43 54, (5], [62], 63 [77]).

A key open problem in this area is that global backward error analyses of PEPs
and CPEs solved by the new classes of linearizations have not yet been developed,
and, so, it is not known if their use combined with the QZ or the staircase algorithm
is backward stable from the polynomial point of view. The only backward error anal-
yses available in this context are the “local” residual analyses valid for each particular
computed eigenpair in the case of the linearizations in vector spaces [42] 44 [69, 78],
and a few first order global backward error analyses valid for particular “colleague”
linearizations [511 [53] [64] or for the Frobenius linearizations [74]. Two obstacles for ex-
tending these global backward error analyses to other classes of linearizations are that
these analyses are very particular, since they make use of the highly specific structures
of the considered linearizations, and that the new classes of linearizations are very
restricted in the sense that they are highly structured and, so, are not robust under
the unstructured perturbations coming from the backward errors of the algorithms.
Thus, it is not clear if they are still linearizations of some matrix polynomial when
they are perturbed, and even less of what polynomial they could be linearizations.

In order to overcome these obstacles, we introduce in this paper two new families
of strong linearizations of general matrix polynomials—square or rectangular, regular
or singular—whose minimal indices are related to those of the matrix polynomial via
constant uniform shifts. We call these families the strong block minimal bases pencils,
and a subfamily of it the block Kronecker pencils. Strong block minimal bases pen-
cils are defined in an abstract way in terms of the classical concept of dual minimal
bases [32]. This allows us to prove that they are always strong linearizations of easily
described matrix polynomials in a straightforward and general way and that simple
relationships exist between their minimal indices and those of the matrix polynomial.
These properties are inherited by the block Kronecker pencils, which include—modulo
permutations—all of the Fiedler and proper generalized Fiedler pencils as very partic-
ular cases (see the extended version of this paper [25 Section 4] and [I0]), and which
have the property of being easily constructed in terms of the polynomial coefficients.

Strong block minimal bases pencils have, in practice, only one structural feature,
that is the presence of a zero block, since the other ingredients of their definition are
polynomial minimal bases and “generically” all matrix polynomials of proper sizes are
minimal bases [75]. So, the class of strong block minimal bases pencils is robust un-
der perturbations that preserve that zero block and, in addition, it is easy to describe
the matrix polynomials of which they are linearizations. These properties enable
us to perform a global backward error analysis of PEPs and CPEs solved via block
Kronecker pencils, because arbitrary perturbations of these pencils lead, after some
manipulations, to other strong block minimal bases pencils with similar properties.
This error analysis has the following novel properties: (1) it is valid for perturbations
with finite norms, in contrast to previous analyses which are valid only to first order;
(2) it delivers precise bounds, in contrast to other analyses which only provide vague
big-O bounds; (3) it is valid simultaneously for a very large class of linearizations,
in contrast to other analyses that are specific for particular linearizations; and (4)
it may be generalized to other families of strong block minimal bases pencils. As a
corollary, this analysis solves the open problem of proving that the QZ algorithm,
in the regular case, or the staircase algorithm, in the singular case, applied to any
Fiedler or proper generalized Fiedler pencil compute complete eigenstructures of ma-
trix polynomials that enjoy perfect structured backward stability from the polynomial
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point of view, i.e., the computed complete eigenstructure is the exact one of a nearby
matrix polynomial.

We emphasize that this backward error analysis does not imply that the eigenval-
ues and/or minimal indices of the matrix polynomial are accurately computed, since
they are intrinsically ill-conditioned, or even ill-posed, when the eigenvalues are close
to be multiple or the minimal indices are not generic [28, [29]. However, note that
our results guarantee that if a backward stable stratification-enhanced staircase algo-
rithm [29] is used on a block Kronecker pencil, then, although the computed complete
eigenstructure may be quite different from the exact one, it always corresponds (after
a fixed constant shift of the minimal indices) to the exact complete eigenstructure of
a nearby matrix polynomial.

The paper is organized as follows. Section[2] presents a summary of basic concepts.
In Section [3] the strong block minimal bases pencils are introduced and their prop-
erties are established. Section [] gives the definition of block Kronecker pencils and
studies their properties. The global backward error analysis of complete polynomial
eigenproblems solved by means of block Kronecker pencils is the subject of Section
Some conclusions and lines of future research are discussed in Section [6} Finally,
the Appendices present long technical proofs of some results needed in the paper. For
brevity, this paper does not contain recovery procedures of eigenvectors and minimal
bases of a matrix polynomial from those of its strong block minimal bases pencils or
of its block Kronecker pencils. These results can be found in [25, Section 7).

2. Basic concepts, auxiliary results, and notation. Throughout the paper
we use the following notation. Given an arbitrary field F, we denote by F[A] the ring
of polynomials in the variable A with coefficients in F and by F(A) the field of rational
functions with coefficients in F. The set of m x n matrices with entries in F[}\] is
denoted by F[A]™*™ and is also called the set of m X n matriz polynomials. In this
context, row or column wvector polynomials are just matrix polynomials with m = 1
or n = 1. F(A\)™*™ denotes the set of m x n rational matrices. Given two matrices A
and B, A® B denotes their direct sum, i.e., A® B = diag(A, B), and A ® B denotes
their Kronecker product [45]. The algebraic closure of F is denoted by F. The results
in Section [5| and Subsection [2.1] assume that F = R or F = C, while the rest of results
remain valid in any field.

A matrix polynomial P(\) € F[A]"*" is said to have grade d if it is written as

P(\) = Pd/\d +--+ PN+ Py, with Py,...,P; € F™*", (2.1)

where any of the coefficient matrices Py, including P;, may be the zero matrix. As
usual, the degree of P()), denoted by deg(P), is the maximum integer k such that Py
is a nonzero matrix. Thus, the degree of P()) is fixed while its grade d is a choice
that must satisfy d > deg(P). The concept of grade has been used previously in
[I7, 56] and is convenient when the degree of a polynomial is not known in advance.
Throughout this paper when the grade of P(\) is not explicitly stated, we consider
its grade equal to its degree. A matrix polynomial of grade 1 is called a matriz pencil.
For any d > deg(P) the d-reversal matriz polynomial of P()) is defined as

revgP(\) := X1P(A71).

Observe that if P()) is assumed to have grade d, then it is assumed that revgP(\)
has also grade d, but that the degree of revyP(A) may be different than the degree of
P()\), even in the case d = deg(P).
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We define the rank of a matrix polynomial P(X\) € F[A]™*" as its rank over the
field F(A), i.e., as the size of the largest non-identically zero minor of P(X) [33], and
is denoted by rank(P). Sometimes, this is also called in the literature the “normal
rank” of P()), but we avoid to use this name for brevity. Note that expressions such

as rank(P(\g)) denote the rank of the constant matrix P(X\g) € F™"™", ic., of the
polynomial evaluated at A\g € F. We will say that P()\g) has full row (resp. column)
rank if rank P(\g) = m (resp. rank P(Ag) = n). Observe that if the constant matrix
P(Xo) has full row (resp. column) rank, then also the matrix polynomial P(X) has
full row (resp. column) rank.

A key distinction for matrix polynomials is between regular and singular matrix
polynomials. A matrix polynomial P () is said to be regular if P()\) is square (that is,
m = n) and det P()) is not the identically zero polynomial. Otherwise, P(\) is said
to be singular (note that this includes all rectangular matrix polynomials m # n).
We refer the reader to [I7, Section 2] for the precise definitions of the spectral and
the singular structures of a matrix polynomial, as well as for other related concepts
that are used in this paper. In addition, as in [21I], the term complete eigenstructure
of P(\) stands for the collection of all of the elementary divisors of P()), both finite
and infinite, and for the collection of all of its minimal indices, both left and right, i.e.,
for the union of the spectral and singular structures of P(\). In the next paragraph,
we explain in detail the concepts of minimal bases and minimal indices, as they play
an essential role in this paper.

If a matrix polynomial P(A) € F[A]™*™ is singular, then it has non-trivial left
and/or right rational null spaces:

Ne(P) := {y(N)T e F(N)™*™  such that  y(\)T P(\) = 0},

N (P) :={z(\) € F(\)"** such that P(\)xz(\) =0}. 22)

These null spaces are particular examples of rational subspaces, i.e., subspaces over
the field F(\) formed by p-tuples whose entries are rational functions [32]. It is not
difficult to show that any rational subspace V has bases consisting entirely of vector
polynomials. The order of a vector polynomial basis of V is defined as the sum of the
degrees of its vectors [32], Definition 2]. Amongst all of the possible polynomial bases
of V, those with least order are called minimal bases of V [32] Definition 3]. There
are infinitely many minimal bases of V, but the ordered list of degrees of the vector
polynomials in any minimal basis of V is always the same [32] Remark 4, p. 497].
This list of degrees is called the list of minimal indices of V. With these definitions
at hand, the left (resp. right) minimal indices and bases of a matrix polynomial P(\)
are defined as those of the rational subspace Ny(P) (resp. N,.(P)).

The following definitions are useful when working with minimal bases in practice.
The ith row degree of a matrix polynomial Q()) is the degree of the ith row of Q()\).

DEFINITION 2.1. Let Q(X) € F[A]™*™ be a matriz polynomial with row degrees
dy,da,...,dn. The highest row degree coefficient matrix of Q(\), denoted by Qp, is
the m x n constant matriz whose jth row is the coefficient of A% in the jth row of
QN), for 5 =1,2,...,m. The matriz polynomial Q(X) is called row reduced if Qp
has full row rank.

Observe that @y, is equal to the leading coefficient Q4 # 0 in the expansion
Q) = Z?:o Q;\! if and only if all the row degrees of Q()\) are equal to d.

Theorem is the most useful characterization of minimal bases in practice.
This classical result was proved in [32], Main Theorem-2, p. 495], where is stated in
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abstract terms. The statement we present can be found in [2I, Theorem 2.14].
THEOREM 2.2. The rows of a matriz polynomial Q(X) € FIN\]™*" are a minimal

=mXn

basis of the rational subspace they span if and only if Q(Xg) € F
for all A\g € F and Q(N) is row reduced.

REMARK 2.3. Most of the minimal bases appearing in this work are arranged as
the rows of a matrix. Therefore, throughout the paper—and with a slight abuse of
notation—we say that an m x n matrix polynomial (with m < n) is a minimal basis
if its rows form a minimal basis of the rational subspace they span.

Definition [2.1| and Theorem admit obvious extensions “for columns”, which
are used occasionally in this paper.

Corollary is a consequence of Theorem and the property rank(A ® B) =
rank(A) rank(B) [45, Theorem 4.2.15]. The simple proof is omitted.

COROLLARY 2.4. If a matriz polynomial Q(N) is a minimal basis and I, is the
p X p identity matriz, then Q(A) ® I, is also a minimal basis.

The concept of dual minimal bases is fundamental in this paper and is introduced
in Definition 2.5

DEFINITION 2.5. Two matriz polynomials L(X\) € F[A]"**™ and N(\) € F[\]"2*"
are called dual minimal bases if L(\) and N (\) are both minimal bases and they satisfy
my +mg =n and LA)N(A\)T = 0.

The name “dual minimal bases” and its definition were introduced in [I8, Defi-
nition 2.10], but their origins can be traced back to [32]. We also use the expression
“N (M) is a minimal basis dual to L(\)”, or vice versa, for referring to matrix polyno-
mials L(A) and N(A) as those in Definition

EXAMPLE 2.6. We illustrate the concept of dual minimal bases with a simple
example that is important in this paper. Consider the following matrix polynomials:

-1 A
-1 A
Li(\) = A € FIAJx ), (2:3)

has full row rank

and
AT = [AF o X 1] @ FP D, (2.4)

where here and throughout the paper we occasionally omit some, or all, of the zero
entries of a matrix. Theorem guarantees that Lp()\) and Aj(A\)T are minimal
bases. In addition, Ly(A\)Ax(A) = 0 holds. Therefore, Lj()\) and Ap(\)T are dual
minimal bases. From Corollary and the properties of the Kronecker product we
get that Ly(A\) ® I, and Ag(\)T ® I, are also dual minimal bases.

The matrix Lg(A) is very well known since is a right singular block of the Kro-
necker Canonical Form of pencils [33, Chapter XII]. Also the column vector polynomial
Ak (X) is very well known and plays an essential role, for instance, in the famous vector
spaces of linearizations studied in [43] [55].

Theorem establishes properties of minimal bases whose row degrees are all
equal. These are the minimal bases of interest in this work. The proof of Theorem
2.7 is omitted since it follows from results on row-wise reversals of minimal bases
[13, B6]. For a simpler proof based on Theorem see the extended version of this
paper [25].

THEOREM 2.7.
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(a) Let K(X\) be a minimal basis whose row degrees are all equal to j. Then
rev; K () is also a minimal basis whose row degrees are all equal to j.

(b) Let K(X\) and N(\) be dual minimal bases. If the row degrees of K(\) are all
equal to j and the row degrees of N(X) are all equal to ¢, then rev; K(\) and
revyN(A) are also dual minimal bases.

EXAMPLE 2.8. Theorem [2.7(b) can be applied to the dual minimal bases Ly ())

and Ap(\)7 in Example ﬁ to prove that

- 1
reviLi(A) = ! fx (k+1)
1Li(N) = L € F[A]

and
reviAr(AN)T =1 A - M € F[\]1X(+D)

are also dual minimal bases. This fact follows also directly from Theorem and
matrix multiplication.

Lemma [2.9| states that any matrix polynomial Q()\) such that Q(Ag) has full row
rank for all A\ € F can be completed into a unimodular matriz polynomial, i.e., a
matrix polynomial with nonzero constant determinant. This is an old result that can
be traced back at least to [47] (a very simple proof appears in [2I, Lemma 2.16(b)]).
Efficient algorithms for computing such completions can be found in [4].

LEMMA 2.9. Let Q(N\) be a matriz polynomial over a field F. If Q(\o) has full

row rank for all \g € F, then there exists a matriz polynomial Q()\) such that

-2

is unimodular.

Lemma can be applied, in particular, when Q()) is a minimal basis, as a
consequence of Theorem 2.2 Moreover, Lemma [2.9] can be extended to Theorem
2.10, which is one of the main tools employed in Section Observe that Theorem
2.10| can be applied, in particular, when L(\) and N(A) are dual minimal bases.

THEOREM 2.10. Let L(X) € F[A]"™*" and N(X) € F[A]™2*" be matriz poly-
nomials such that my + ma = n, L(Ao) and N(Xo) have both full row rank for all
Xo € F, and LIA)N(A)T = 0. Then, there exists a unimodular matriz polynomial
U(N) € FIA™™"™ such that

U\ = Egii] and UN)' = [N()\)T N()\)T} .

Proof. By Lemma [2.9] there exist unimodular embeddings

[le((AA))] and  [Z:(N)T N

Since the product of two unimodular matrix polynomials is also unimodular, from

L(x .  [LNZ(W)T 0
Ao o xor = [ ZOZO o]
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it follows that L(A)Z2(A)T € F[AJ™1*™1 and Z;(A\)N(\)T € F[A\]™2*™2 must also be
unimodular matrix polynomials, as well as their inverses. Let us now consider the
following unimodular matrix polynomials

U = [LSI (Zl(/\)]\?(A)T)_l] [ZLf(AA))}
and

VO = 207 N7 [(L(/\)ZQO(A)T)‘1 IH “%) IH

where X(\) = (Z1(A)NN)T) 7121 (N) Zo (M) T (L(AN) Z2(A\)T)~L. The statement of the
theorem then follows by verifying that U(A\)V(A) =1,,. 0O
ExAMPLE 2.11. We illustrate Theorem with a particular embedding of the

dual minimal bases L()\) and Ax(A\)T introduced in Example If exy1 is the last
column of Ix41, then it is easily verified that

-1 A
-1 A
Li(A) 1) x (k41
M) = [T | - | eEexEn
e
k+1 1
0 --- --- 0 1
is unimodular and that its inverse is
[ —1 =X =X2 ... ML AR T
-1 —\ )\kfl
Ve(\) ! = o R S I =S PV (G G M O )
—-A A2
-1 A
. 1 -

Note that the last column of Vji(A)~! is Ag(\). Therefore, Vi()) is a particular
instance of a matrix U(X) in Theoremfor Li()\) and Ag(N)T. Moreover, Vi (\)®1,
is a particular instance of U()) for the dual minimal bases Ly (A\)® I, and A (\)T ®1,
discussed also in Example 2.6

We now recall the definitions of linearization and strong linearization of a matrix
polynomial, which are central in this paper. These definitions were introduced in
[35] 36] for regular matrix polynomials, and extended to the singular case in [12]. We
refer the reader to [17] for a thorough treatment of these concepts and their properties.

DEFINITION 2.12. A matriz pencil L(X) is a linearization of a matriz polynomial
P(\) of grade d if for some s > 0 there exist two unimodular matriz polynomials U ()
and V(X)) such that

UML)V ) = [ (2.6)

P } '

Furthermore, a linearization L£(X) is called a strong linearization of P(\) if reviL(A)
is a linearization of revygP(\).
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The key property of any strong linearization £(\) of a matrix polynomial P()\)
is that £(A\) and P(\) share the same finite and infinite elementary divisors [I7,
Theorem 4.1]. However, Definition only guarantees that the number of left (resp.
right) minimal indices of £(\) is equal to the number of left (resp. right) minimal
indices of P(A). In fact, except by these constraints on the numbers, £(\) may
have any set of right and left minimal indices [I7, Theorem 4.11]. Therefore, in the
case of singular matrix polynomials, one needs to consider strong linearizations with
the additional property that their minimal indices allow us to recover the minimal
indices of the polynomial via some simple rule. In addition, such rule should be robust
under perturbations, in order to be reliable in numerical computations affected by
rounding errors, since minimal indices of matrix polynomials may vary wildly under
perturbations [28], 29, 46]. These questions about recovery rules of minimal indices
are carefully studied throughout this paper.

Lemma [2.13]is a very simple result that allows us to easily recognize linearizations
in certain situations which are of interest in this work.

LEMMA 2.13. Let P(X\) be an m x n matriz polynomial and L(\) be a matriz

pencil. If there exist two unimodular matriz polynomials U(X) and V (X\) such that

~ N Z(A) X)L
TNLOWVO) = [Y(h) PO o], (2.7)
I 0 0

for some s > 0 and t > 0 and for some matriz polynomials X (\), Y (), and Z(N),
then L(X\) is a linearization of P(\).
Proof. Define the unimodular matrix polynomials

I, 0 —Z(\) 0 I,
RN=|0 0o I, |, Sn=1]0o o I,
0 I, -Y()) I, 0 —X()\

Then equation (2.7) implies that R(\)T (A LAV (A)S(A) = diag(ly, Iy, P())). This
proves that £()) is a linearization of P(A). O

2.1. Norms of matrix polynomials and their submultiplicative proper-
ties. The study of perturbations and backward errors in Section [5| requires the use
of norms of matrix polynomials. We have chosen the simple norm in Definition [2.14]
In this section the polynomials are assumed to have real or complex coefficients, i.e.,
F =R or F = C. We refer the reader to [68] for the definitions and properties of the
Frobenius norm, || - ||r, and the spectral norm, || - ||2, of constant matrices.

DEFINITION 2.14. Let P(\) = Z?:o P\" € FI\]™*"™. Then the Frobenius norm
of P()\) is

IPMF =

d
> IBIE
=0

Obviously ||P(A\)||r defines a norm on the vector space of matrix polynomials
with arbitrary grade and fixed size m x n. In fact, Definition defines a family of
norms, because we have a different vector space, and, so, a different norm for each
particular selection of size m x n. This is important when considering the norm of
the product P(A)Q(X) of two polynomials P(\) and Q(A), since the sizes of the two
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factors and the product are, in general, different. In this context, it is also important
to realize that the value of ||P(A)||r is independent of the grade chosen for P()A). This
property allows us to work with | P(\)||r without specifying the grade of P()\).

It is easy to construct examples that show that the norm || P(A)| r is not submul-
tiplicative, Le., [[P(A) Q\)|lr £ [[P(AN)||F |Q(N)|F in general [25]. Therefore, since
in Section [5| we need to bound the norms of certain products of matrix polynomials,
we present Lemma whose elementary but somewhat long proof is omitted. The
interested reader can find the proof in the extended version of this paper [25].

LEMMA 2.15. Let P(\) = Z?:o P, let Q) = Yi_ QiN', and let Ai(\)7 be
the vector polynomial defined in . Then the following inequalities hold:

d
(@) [PAN)QNlF < Vd+1- Z I3 - IR e

(b) 1PN QN)lr < VE+T-IPWIlr - | D 1Q:l3

=0

(©) [PV QM[r < min{vd+1,VE+ 1}|PN)|r QN7
(d) 1P (Ae(N) @ L) ||r < min{vd +1,Vk + 1} [|P(A)||F,
(&) [(Ax(NT ® 1) QN)r < min{vt+T,VE+ 1} Q) r,

where we assume that all the products are defined.

Finally, in Section [5| we need to consider pairs of matrices (C, D) where C' and D
may have different sizes. Therefore, (C, D) cannot be considered as a matrix pencil.
For these pairs, we introduce the corresponding Frobenius norm as:

I(C, D)[r = \/IICII% + I DIl (2.8)

3. Block minimal bases linearizations. The linearizations considered in this
work in Sections [4] and [5| are particular cases of the new pencils introduced in the
following definition:

DEFINITION 3.1. A matriz pencil

MOy FT 5.1)

L) = [Kl(A) 0

is called a block minimal bases pencil if K1(A\) and Ka(\) are both minimal bases.
If, in addition, the row degrees of K1(X\) are all equal to 1, the row degrees of Ka(\)
are all equal to 1, the row degrees of a minimal basis dual to K1(\) are all equal, and
the row degrees of a minimal basis dual to Ko(\) are all equal, then L(\) is called a
strong block minimal bases pencil.

The pencils in Definition [3.1] include all the families of Fiedler-like linearizations
of matrix polynomials, which have received considerable attention recently. For more
information on this, see the extended version of this paper [25, Section 4] and [10].
Therefore, Definition [3.1] seems to be a key concept that unifies and simplifies the
theory of many of the linearizations existing in the literature. In this paper, the
linearizations in Definition [3.1] are of interest because they are generic and robust
under perturbations that preserve the zero block, as we discuss at the end of this
section.

REMARK 3.2. Observe in Definition that the row degrees of any minimal
basis dual to K7(\) are always the same, up to permutations, since they are the
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right minimal indices of K7(\). The same holds for K5(\). Therefore, there are no
ambiguities in the definition of strong block minimal bases pencils with respect to the
selection of the minimal bases dual to K7(A) and Ka(X).

Our next theorem reveals that (strong) block minimal bases pencils are (strong)
linearizations of certain matrix polynomials.

THEOREM 3.3. Let K1(A) and Ni(X) be a pair of dual minimal bases, and let
K5(X) and N2(X) be another pair of dual minimal bases. Consider the matriz polyno-
mial

Q(\) := Na( MM NN (N7, (3.2)

and the block minimal bases pencil L(\) in (3.1). Then:

(a) L(X) is a linearization of Q(N).

(b) If L(N) is a strong block minimal bases pencil, then L(\) is a strong lin-
earization of Q(X), considered as a polynomial with grade 1+ deg(N1(X)) +
deg(N2(A)).

Proof. (a) According to Theorem for i = 1,2, there exist unimodular matrix

polynomials such that

Ui()\):[g&ﬂ and U0 = [N )T (3.3)

Note that if m; is the number of rows of K;(\), for ¢ = 1,2, then implies
K;(NN; (AT = m; and K;(A\)N;(\)T = 0. Keep in mind that these equalities are used
in subsequent matrix products. Next, consider the unimodular matrices Us(\) "L ®1,,,
and Uy (A\) ™! @ I,,,,, and form the following matrix product:

U2\ " @ Ly ) ﬁ( ) (Ul(/\) LD Iny)

| 2 O | T NI [M)T M) 0

o O e R
:Zm X() I,

=|Y(n) QM) 0 |, (3.4)
L, 0 0

where the expressions of the matrix polynomials X(A),Y()\), and Z()\) are not of
specific interest in this proof. Equation and Lemma prove that £(A) is a
linearization of Q(\).

(b) Let us denote for brevity £; = deg(N1(A)) and £5 = deg(N2(A)). Since L) is
a strong block minimal bases pencil, Theorem [2.7|b) guarantees that revy K;(\) and
revy, N1(A) are dual minimal bases, as well as rev; K2(A) and revy, No(A). Therefore,

reviM(A\) reviKo(\)T

reviLN) = |y Ky () 0

is also a block minimal bases pencil and Theorem [3.3|(a) implies that revi£()) is a
linearization of

(reve, Na(\)) (revi M(A)) (reve, Ny(A)T = A2 N, (A1) AM (A1) A0 N, (A1)

ALt Q()\—l) =TeV1i4¢, 44, Q()‘)v
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proving part (b). O

REMARK 3.4. Given a strong block minimal bases pencil £()), there are infinitely
many minimal bases N1 (A) and Na(A) dual to K7 (\) and Ka()), respectively. There-
fore, the matrix polynomial Q () is not defined uniquely by £()\). This is connected
to the following remark: the standard scenario when using linearizations is that the
matrix polynomial Q(\) is given and one wants to construct a linearization of Q(X) as
easily as possible, but Theorem [3.3] seems to operate in the opposite way. However, if
Q(A) is given and N7 () and No(\) are fixed, then can be viewed as a linear equa-
tion for the unknown pencil M (A). It is possible to prove that this equation is always
consistent, as a consequence of the properties of the minimal bases N;(\) and Na(A).
Despite its consistency, the equation may be very difficult to solve for arbitrary
minimal bases N1 (A) and Na(A). We will see in Section [4] that for certain particular
choices of Ni(\) and Ny(A) it is very easy to characterize all possible solutions M (\)
and to define, in this way, a new wide class of linearizations easily constructible from
Q(A). This new class includes, among many others, all Fiedler linearizations, up to
permutations, of square or rectangular polynomials [3], 14}, 16}, B1].

REMARK 3.5. We include in Definition the cases in which either K;(\) or
K5(\) is an empty matrix. This means that £(\) is either a 1 x 2 or a 2 x 1 block
matrix, and, so, the zero block is not present. All of the proofs in this paper remain
valid in these limiting cases with the following convention: if K;(A) (resp. Ka(\))
is an empty matrix, then Ny(A) = Iy (resp. Na(\) = I), where s is the number of
colums (resp. rows) of M ().

Next, we investigate, for strong block minimal bases pencils, the relationship of
the minimal indices of Q(A) in with those of its strong linearization £()\) in
(3.1). This result is a corollary of a technical lemma presented in Appendix

THEOREM 3.6. Let L(\) be a strong block minimal bases pencil as in , let
Ni(\) be a minimal basis dual to K1(X), let No(\) be a minimal basis dual to Ka()\),
and let Q(N\) be the matriz polynomial defined in . Then the following hold:

(a) If 0 < g1 < g9 < --- < g, are the right minimal indices of Q(X), then

€1+ deg(N1(A)) < e2 +deg(N1(N)) < -+ < gp + deg(N1(A))

are the right minimal indices of L(X).
(b) If 0 <m < mp < --- <y are the left minimal indices of Q(N), then

m + deg(N2(N)) < n2 + deg(Na(X)) < -+ < g + deg(Na(N))

are the left minimal indices of L().

Proof. Part (a) follows immediately from Lemma [A-b) and equation (A.2).
Part (b) follows simply from applying part (a) to £(A)T and Q(\)? after taking into
account that: (i) £(A)7 is also a strong block minimal bases pencil with the roles of
(K1(N\), N1 (M) and (K2(\), N2(\)) interchanged, (ii) so £(A)T is a strong linearization
of Q(\)T, and (iii) for any matrix polynomial its left minimal indices are the right
minimal indices of its transpose. O

In order to concisely refer to results like those in Theorem we use in this
paper expressions as “the right minimal indices of £(\) are those of Q(X) shifted by
deg(N1(X))”, whose rigorous meaning is precisely the statement of Theorem [3.6(a).

Finally, we emphasize that “generically” any pencil partitioned into 2 x 2 blocks
with a (2,2)-zero block as in s a strong block minimal bases pencil if the sizes
of the blocks are adequate. This follows from the recent results in [75, Section 5]



BLOCK KRONECKER LINEARIZATIONS AND BACKWARD ERRORS 13

when the pencils K7 () and K3(\) have both more columns than rows and the excess
number of columns is a divisor of the number of rows, i.e. K;(A) have dimension
m; X (m; +n;) and n; divides m; for ¢ = 1,2. This makes the pencils in Definition
a very large family of strong linearizations very convenient for analyzing perturbations
of the highly structured strong linearizations used in computational practice, as for
instance the Frobenious companion forms [36], because although the perturbations
destroy the particular structures, as long as they are sufficiently small and the (2, 2)-
zero block is preserved, the perturbed linearization is still a strong linearization (in
fact, a strong block minimal bases pencil) of a nearby polynomial obtained by
applied to the perturbed pencil. Note that the (2,2)-zero block is not present in the
limiting cases discussed in Remark These ideas are fundamental for the error
analysis in Section [5]

4. Block Kronecker linearizations. In this section we study those strong
block minimal bases pencils with off-diagonal blocks equal to the pencils in Example
They are called block Kronecker pencils. Thus, these pencils have the structure in
(3.1) with K;(A) = Lo(X\) ® I, and K2(X) = Ly, (\) ® I,,. Since, according to Example
2.60 N1(\) = A.-(\)T @ I, and Na(A) = A, (A\)T ® I,,, are minimal bases dual to these
Ki(\) and Kj(\), respectively, most properties of block Kronecker pencils follow
immediately from the general and simple theory in Section [3] for these particular
K;(A) and N;(\), ¢ = 1,2. Nonetheless, we emphasize that block Kronecker pencils
have an essential advantage over general strong block minimal bases pencils that is
key in applications: given a matrix polynomial P()) it is very easy to characterize
an infinite set of (1, 1)-blocks M (A) that make £(\) in a strong linearization of
P(X). Moreover, as we discuss below, block Kronecker pencils include, as particular
cases, the classical Frobenius companion forms and the Fiedler pencils [14] [T6] modulo
permutations. Block Kronecker pencils are formally introduced in Definition 4.1

DEFINITION 4.1. Let L (\) be the matriz pencil defined in and let AM7+ My
be an arbitrary pencil. Then any matriz pencil of the form

Lo = My + My | LN @ 1, } (it ym
(e+1)n nm

is called an (g,n,m, m)-block Kronecker pencil or, simply, a block Kronecker pen-
cil. The block partitioning of L(X) in is called the natural partition of a block
Kronecker pencil.

The name “block Kronecker pencil” is motivated by the fact that the anti-diagonal
blocks of £(A) in are Kronecker products of singular blocks of the Kronecker
canonical form of pencils [33, Chapter XII] with identity matrices.

Since block Kronecker pencils are particular cases of strong block minimal bases
pencils, we obtain the following result for block Kronecker pencils as an immediate
corollary of Theorems [3.3] and [3.6] and the results in Example

THEOREM 4.2. Let L(A) be an (g,n,1,m)-block Kronecker pencil as in (4.1)).
Then L(N) is a strong linearization of the matriz polynomial

Q) == (A,(N)T @ L,)(AM;y + Mo)(A-(\) ® I,,) € F]\™*" (4.2)

of grade € + 1+ 1, the right minimal indices of L(\) are those of Q(\) shifted by ¢,
and the left minimal indices of L(X) are those of Q(X) shifted by n.
REMARK 4.3. Explicit unimodular matrices that transform any block Kronecker
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pencil as in (4.1) into a block anti-triangular form (3.4) can be described via the
matrices Vi (A)~! in Example In fact, an immediate corollary of Example
and the block matrix multiplications yielding (3.4) in the proof of Theorem is that

(Vo) T @ L) © Ien) LO) (Vo) @ L) © L) (4.3)

has the block anti-triangular structure in . This can also be checked via a di-
rect multiplication, which proves in a simple way that block Kronecker pencils are
linearizations of Q(\) as a consequence of Lemma A similar approach can be
used to prove that £(A) is a strong linearization of Q(A).

The most transparent examples of block Kronecker pencils are the classical first
and second Frobenius companion forms of a matrix polynomial P(\) = Z?:o P e
F[AJ™*™ [17, Section 5.1]. The first Frobenius companion form is just £(\) in
with M(A\) = [APg + Pi—1,P4_2,...,P), ¢ = d—1, and n = 0, while the second
Frobenius companion form corresponds to M(\) = \PF + P} . PT , ... P17,
e =0, and n = d — 1. Note that the application of Theorem in these two cases
proves in a very simple way that the first and the second Frobenius companion forms
are strong linearizations of P(\) with the well-known shifting relationships between
the minimal indices (compare with the proofs in [I7, Section 5.1]).

It is also possible to prove with more effort that after performing some row and
column permutations all Fiedler pencils of P(\) = Z?:o PX\" € FIAJ™ ™ [14, [16] be-
come block Kronecker pencils with the pencil AM; + My having a very simple structure
that can be explicitly described in terms of the coefficients of P(\). This result can
be found in the extended version of this paper [25 Section 4], where it is proved
that the only nonzero block entries of AMy + My are AP; + Py_1,Py_o,...,P1, Py
distributed along what is called a “staircase pattern” [19, Section 5] and [27]. Once
this is established, Theorem proves again in a very simple way that all Fiedler
pencils are strong linearizations of P(A) with the well-known shifting relationships
between the minimal indices (compare with the cumbersome proofs in [I4] and the
very complicated ones in [16]).

Next, we show what conditions on AM; + M, are needed for a block Kronecker
pencil to be a strong linearization of a prescribed matrix polynomial P(\).

THEOREM 4.4. Let P(\) = S0_ PuAF € FIN™ ™, let L()\) be an (e,n,1,m)-
block Kronecker pencil as in with e +n+ 1 = d, let us consider My and M;
partitioned into (n+ 1) x (e + 1) blocks each of size m x n, and let us denote these
blocks by [Mo)ij, [Ma)ij € F™*™ fori=1,...,n+1andj=1,...,e+1. If

S M+ Y. [Moly =P, fork=0,1,....d, (4.4)
i+j=d+2—k i+j=d+1—Fk

then L(\) is a strong linearization of P(X), the right minimal indices of L(X\) are
those of P(\) shifted by e, and the left minimal indices of L(X\) are those of P(\)
shifted by n.

Proof. A direct multiplication, the condition € + 74 1 = d, and some elementary
manipulations of summations allow us to express Q(X) in as

Q) =D A Yoo M+ Y (Mol

k=0 i+j=d+2—k i+j=d+1—k
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Then implies that Q(A\) = P(X) and the result follows from Theorem |

Note that equation tells us that the sum of the blocks on the (d — k)th block
antidiagonal of My plus the sum of the blocks on the (d — &k + 1)th block antidiagonal
of M; must be equal to the coefficient Py of P(\). This implies that the upper-left
block of M7 must be equal to Py, and that the lower-right block of My must be equal
to Py, that is, the pencil AM; + My has the form

APy + [Mol11
AM; + My = . (4.5)

AMi]pi1.e41 + Po

There are infinitely many ways to select the remaining block entries of My and M to
synthesize P(X) in the pencil AM; + M.

In Example we show three different block Kronecker pencils that are all strong
linearizations of a grade 5 matrix polynomial P()). These three pencils have param-
eters € = n = 2. Moreover, the corresponding pencils AM; + My in these block
Kronecker pencils do not follow a staircase pattern for A\P5 + Py, Ps, ..., Py, that is,
they are not permuted Fiedler pencils [25] Theorem 4.5].

EXAMPLE 4.5. Let P(\) = 22:0 PR € FA™ ™ and let A, B € F™*" be
arbitrary constant matrices. The following block Kronecker pencils

[ \Ps + P, 0 0 I, 0
0 AP + P, 0 M, -1,
0 0 AP +P| 0 AL, |,
-1, A, 0 0 0
0 I, M, | 0 0
[ APs AP, AP3 —In 0
0 0 APy My, —I,
0 0 AP, + P 0 M, , and
I, M, 0 0 0
| 0 -, A, | 0 0
i AP5 A Py -1,

APy —AA AB+ P | My,
APy, —AB PRy 0
—I, A, 0 0
0 I, A, 0

are all strong linearizations of P(\).

REMARK 4.6. As discussed above, equation allows us to construct infinitely
many block Kronecker pencils that are strong linearizations of a prescribed matrix
polynomial P()\). Therefore, a natural question is which ones can be reliably used for
computing all the eigenvalues of P(\), when P () is regular, or all the eigenvalues and
minimal indices of P(X), when P()) is singular, via either the QZ algorithm [38] or
the staircase algorithm [23] 24] [71]. From the point of view of backward errors, this is
clearly stated in Corollary [5.24) and carefully analyzed in the paragraphs before that
corollary, but we advance here the main conclusions for impatient readers. First, the
use of block Kronecker pencils is reliable only if || AM7 + M|l r ~ |P(A\)||r. This
is intuitively natural, because, according to ([{.2)), if |[AM; + Mo||r > ||P(N)| r, then
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small relative perturbations in AM; + My might produce huge perturbations in P()),
and ||AM; + My||r < ||P(N)||F cannot happen as a consequence of and Lemma
In addition, ||AM; + My||r = ||P(N)||F = 1 must also hold, which is also natural
since either ||P(A)||r < 1 or ||P(A)||F > 1 would lead to highly unbalanced block
Kronecker pencils , with the norms of the antidiagonal blocks either much larger
or much smaller than the norm of the (1,1) block. In fact, it is proved in Corollary
that any block Kronecker pencil with [|AM; + My||r = ||[P(N)||rF = 1 leads to
small relative backward errors from the polynomial point of view. This condition
still allows us to use infinitely many pencils that might have additional advantages as
preservation of structures.

5. Backward error analysis of complete polynomial eigenproblems sol-
ved via block Kronecker pencils. The problem of computing in floating point
arithmetic the complete eigenstructure of a matrix polynomial P()) is called in this
paper the complete polynomial eigenproblem. The complete eigenstructure consists of
all of the eigenvalues, finite and infinite, and all of the minimal indices, left and right, of
P()). This eigenstructure can be efficiently computed via the staircase algorithm for
matriz pencils applied to any strong linearization £(A) of the polynomial that allows
us to recover the minimal indices of the polynomial from those of the linearizations via
constant shifts (like those of Theorem for block Kronecker pencils). The staircase
algorithm for pencils was introduced for the first time in [71] and was further developed
in [23| 24], where reliable software for computing such a staircase form was presented.
Though problems involving singular polynomials arise very often in control theory,
the matrix polynomials arising in many other applications are normally square and
regular. In this case the complete eigenstructure does not include minimal indices
and the algorithm of choice is the simpler QZ algorithm [38].

The staircase and the QZ algorithms have been shown to be backward stable, but it
ought to be stressed that the backward stability of these two algorithms does not imply
that the computed eigenstructure is the exact one of the given linearization: in general
this problem is ill-posed, which implies that even an arbitrarily small perturbation
may yield a different eigenstructure. Since this is not the subject of this paper, we refer
to [28],29] for a more elaborate discussion on these aspects. Nonetheless, the standard
backward error results guarantee that if the staircase algorithm or the QZ algorithm
are applied to a strong linearization £(A) in a computer with unit roundoff u, then
the computed complete eigenstructure of L(\) is the exact complete eigenstructure of
a nearby matriz pencil L(N\) + AL(N) such that

AL
Emle o™ (5:1)

where ||-|| denotes the Frobenius norm introduced in Definition[2.14] However,
is not the desired ideal result for the original problem of computing the complete
eigenstructure of the matrix polynomial P(\) of given grade d. The desired backward
error result would be that the computed complete eigenstructure of P(\) is the ezact
complete eigenstructure of a nearby matriz polynomial P(A) + AP(\) also of grade d
and such that

IAPOE
ol - O (5:2)

In order to establish (5.2)), if possible, starting from (|5.1)), two results must be
proved: (i) that the perturbed pencil £L(A) 4+ AL()) is a strong linearization for some
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matrix polynomial P(A) + AP()\) of grade d with the shifting relations between the
minimal indices of £(\) + AL(A) and P(\) + AP(X) equal to the shifting relations
between the minimal indices of £(\) and P(\); and (%) to prove a perturbation bound
of the type

1P _ (. IALOr 653
1PN 7 ey

with Cp s a moderate number depending, in principle, on P(A) and £(A). We em-
phasize that to prove (i) is much easier for regular than for singular polynomials,
because in the former case there are no minimal indices involved in the computations.
Observe also that the minimal indices of P(\)+AP(\) are computed via the recovery
rules valid for the unperturbed linearization £(A) applied to the computed minimal
indices of £(A), that is, to the exact minimal indices of £(A) + AL()\). Therefore, if
the recovery rules for the minimal indices of £(A\) + AL()) were different than those
of £(X), such a method for computing the minimal indices of P(\) would not make
any sense because the minimal indices are integer numbers. We repeat that thereby,
we do not claim that the exact eigenstructure of £(\) was computed, or, even more,
that the computed eigenstructure is close to that of £(\), but rather that the exact
eigenstructure of a nearby pencil £L(A\) + AL(\) was computed, which may be quite
different than the one of £(\) for ill-conditioned problems [28] [29].

The goal of this section is to study these questions for any block Kronecker pencil
L(A) as in of a given polynomial P()\) of grade d and size m x n. In plain words,
we will prove that if the block Kronecker pencil satisfies |AMy + Mo||r =~ [|[P(\)||F
and P(\) is scaled to satisfy ||P(N\)||F = 1, then holds with Cp ¢ ~ d3y/m + n.
Therefore, under these two conditions, we get perfect structured backward stability
from the polynomial point of view when the block Kronecker pencils are combined with
the staircase or QZ algorithms for computing the complete eigenstructure of P(X).
We emphasize that this is no longer true if || AM; + Mo||r > ||P(A\)||F, because in this
case we will prove that Cp . in is huge. Note that ||AM; + Myl|r > ||P(N)||F
may happen, for instance, if in the last block Kronecker pencil of Example the
arbitrary matrices A or B have very large norms. Observe that the permuted Fiedler
pencils in [25] Theorem 4.5] satisfy ||AM; + My||r = ||P(N)||r and, so, our analysis
guarantees perfect structured polynomial backward stability for all Fiedler pencils.

Backward error analyses valid simultaneously for the complete eigenstructure, i.e.,
global analyses, of complete polynomial eigenproblems (and complete scalar rootfind-
ing problems) solved by linearizations are not new in the literature. They appeared
for the first time in the seminal paper [74], were studied in the influential work [30],
and have received considerable attention in recent years [20} [50, 511 53], 61) [64]. How-
ever, we stress that the analysis developed in this paper has a number of key features
which are not present in any of the other analyses published so far: first, it is not
a first order analysis since it holds for perturbations AL(A) of finite norm; second,
it provides very detailed bounds, and not just vague big-O bounds as other analyses
do; third, it is valid simultaneously for a very large class of linearizations for which
backward error analyses are not yet known; and, fourth, it establishes a framework
that may be generalized to other classes of linearizations.

Before proceeding, we remark that our analysis is of a completely different nature
than the “local” residual backward error analyses presented in [42] [69], which are
only valid for regular matrix polynomials, are based on the residual of a particular
computed eigenvalue-vector pair, and find a nearby polynomial to the original one
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that has as exact eigenpair the particular computed one. A key difference with our
analysis is that in these local analyses the nearby polynomial is different for each
computed eigenpair, while in our case it is the same for the complete eigenstructure.
The main result in this section is Theorem [5.21] whose proof requires considerable
efforts. The proof is split into three main steps that are briefly described in the next
paragraphs in such a way that the reader may follow easily the main flow of the
proof. We emphasize that the complete eigenstructure of the initial perturbed pencil
L(N\) + AL(X) does not change in the three steps except for the constant shifts of the
minimal indices in the third step. In this section we assume that F =R or F = C.

Initial data. A matrix polynomial P()\) = ZZ:O PR € F[AJ™*" and a block
Kronecker pencil £(A) as in (4.1) such that

P\ = (A,(N)T @ L) (AM; + Mp)(Ac(N) ® I,), withe+n+1=d, (5.4)

are given. A perturbation pencil AL(A) of L£()\) is also given and is partitioned
conformably to the natural partition of £(\), that is,

AMi 4 Mo+ AL () | Ly N @ Ly + AL(N)
L.\ ® I, + ALoi (V) | AL (V)

L)+ AL = { (5.5)

First step. We establish a bound on [|AL(N)||F that allows us to construct a strict
equivalence transformation that returns the (2,2)-block of the perturbed pencil ([5.5)
back to zero as in L(A):

En

I 0 I

(n+1)m (5+1

[ c ] (L) + AL [ Iom ] (5.6)
L

e ®Im+AE12( ) | _. L) +AL).

_ AMy + My +A£11()\)
Le(A) @ I, + ALy (M)

This construction is equivalent to solving a nonlinear system of matrix equations
whose unknowns are the constant matrices C' and D. Moreover, we prove detailed
bounds on |[(C,D)||F, [|[AL12(N)||F, and ||AL2(A)||F in terms of ||A£( e Tt is
important to remark that £(\) + AL()) and the pencil £(A) + AL(A) in (5.6) have
the same complete eigenstructures (including minimal indices), since they are strictly
equivalent [I7, Definition 3.1].

REMARK 5.1. In the cases where either ¢ = 0 or n = 0 this first step is not
necessary since either the last block row or last block column of £(A) +AL(\) are not
present and one may proceed directly with the second step. We remind the reader
that these cases are important since they include the Frobenius companion pencils.

Second step. The second step consists of establishing bounds on ||AL15(\)||F and
|AL21 (N)]| F that guarantee that £L(A\)+AL()) in is a strong block minimal bases
pencil. This requires two substeps: (a) to prove that K;(\) := Lo(\) @ I, + ALy (N)
and Ko (\) := Ly(\) ® I, + AL15(M\)7T are both minimal bases with their row degrees
all equal to 1, and (b) to prove that there exist minimal bases

AN @I, + AR (N and A,V @ L, + AR, (M)
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dual, respectively, to K1(A) and K»(\) with their row degrees all equal, respectively, to
e and 7. In addition, we prove detailed bounds on ||AR-(\) || in terms of | ALa1 (A ||,
and on |AR,(\)| in terms of |[AL12(N)]p.

REMARK 5.2. It is only needed to prove the results in the substeps (a) and (b) for
Ki(A) = Le(A) @ I, + ALy (A) and A.(\)T @ I, + AR(A\)T, since, then, the ones for
Ky(AN)=L,(\) I, + AL1;(A\)T and A,y (N @ Iy, + AR, (N)T follow as corollaries.
Third step. Combining the first and second steps and Theorems and we get
that £(A\) + AL()) is a strong linearization of the matrix polynomial

P(\) +AP()) (5.7)
= (A (NI ® L, + AR, (NT) (AM; + My + AL11 (V) (Ac(N) ® I, + AR(N)),

that the right minimal indices of £(\) + AL()\) are those of P(A) + AP()) shifted
by e, and that the left minimal indices of £(\) + AL()\) are those of P(\) + AP(\)
shifted by 7, i.e., the shifting relations between the minimal indices are the same as
those between the minimal indices of £(A) and P(X). The rest of the proof consists
of bounding [|AP(A)||r/[|P(A)||F in terms of [|AL(N)||r/||L(N)||F using the bounds
obtained in the first and second steps.

In the rest of this section, the three steps described above are developed in detail.
We use very often, without explicitly referring to, the properties of the Frobenius
norm of matrix polynomials in Lemma [2.15|and, also, that for any matrix polynomial
P(\) and any submatrix B()) of P(}), the inequality ||[B(A)||F < ||[P(N)| F holds.

5.1. First step: solving a system of quadratic Sylvester-like matrix
equations for constructing the strict equivalence . For brevity, hereafter
we use the following notation for the anti-diagonal blocks of block Kronecker pencils,
which are constructed from the pencil : LN ® Iy =0 (\Fy, — Ex) ®@ I =:
)\er — Ekg, where

Ey = [ I Orpxi ](X)Ig, and [y = [ Orx1 I ]®12~ (58)

In addition, the natural blocks of the perturbation AL(\) in (5.5 are denoted by

Aﬁ()\) - A£11(>\) ‘ Aﬁlg()\) :| . [ AMABy; + AA ‘ AM\Bio + AAqs

= ALy (N [ ALsn(N) | | ADBay + Ady | BBy + Ay, |~ Y

According to Remark [5.1] we assume that ¢ # 0 and 1 # 0 throughout this subsection.
The main result of this subsection is Theorem and the starting point is the
trivial Lemma [5.3] which follows from elementary matrix operations applied to the
lower-right block in (5.6)).
LEMMA 5.3. There exist constant matrices C' € Fenxnthm gnd D e Fletnxnm

satisfying (5.6) if and only if

(¢ L, ](E()\)+A£(/\))[ D }:o. (5.10)

Iym

Moreover, with the notation introduced in (5.8) and (5.9), the equation (5.10) is
equivalent to the following system of quadratic Sylvester-like matriz equations

{ C(ET —AAso) + (Eep, — AAQl)D = AAgs + C(My+ AA11)D (5.11)

C(FE + AByy) + (Fop + ABy1)D = —ABy, — C(My + ABjy)D
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for the unknown matrices C' and D.

The system of matrix equations is equivalent to a system of 2ennm quadra-
tic scalar equations in the 2ennm+- (e +n)mn unknown entries of C' and D. Therefore,
(5.11) is an underdetermined system of equations that may have infinitely many solu-
tions. Our aim is to establish conditions on ||[AL(M)||r that guarantee the existence of
a solution (C, D) to with [[(C, D)||r < [|AL(N)||F, where the norm ||(C, D)|| ¢
was defined in . This is done in Theorem whose proof follows that of Stewart
[67, Theorem 5.1] (see also [68, Theorem 2.11, p. 242] for a more general and more
accesible result) and is based on a fixed point iteration argument. However, we em-
phasize that the result by Stewart is valid only for certain nonlinear matrix equations
having a unique solution, while in our case there may be infinitely many solutions.

The solution of relies upon first solving the system of linear Sylvester
equations obtained by removing the quadratic terms in C' and D of . Such a
system is:

{ C(ET — AAys) + (Ben — AApy)D = AAyy

C(Fn%m + AB12) + (Fep + ABy1)D = —AByy (5.12)

which is equivalent to the underdetermined standard linear system (7' + AT)z = b
given by

_AA{Q & Ian ‘ _Inm ® AAQI

|: Enm®-[6n ‘ I’r]m®Esn :|

{ vee(C) }

Fom © Ien, ‘ Inm ® Fep, AB%; R I, ‘ Inm ® ABsgy VQC(D)
——_———
=T —_.AT =z
_ | vec(AAs)
_ [veC(ABQQ) , (5.13)
~— ———

=:b

where, for any m xn matrix M = [m,;], the column vector vec(M) is the vectorization
of M, namely, vec(M) := [m11 ... Mpm1Mi2 .. M2 .. M1y .. Mn]T (see Horn
and Johnson [45], Def. 4.2.9], for instance). For brevity, and with an abuse of notation
we use expressions such as “(C, D) is a solution of (5.13)”.

Lemma proves that the matrix T in has full row rank and provides
an expression for its minimum singular value. This implies that if ||[AT||s is small
enough, then T+ AT also has full row rank and the linear system is consistent,
as is the equivalent system of matrix equations (5.12)). The proof of Lemma is
long and can be found in Appendix[B] Here and in the rest of the paper the minimum
singular value of any matrix M is denoted by opin(M).

LEMMA 5.4. The matriz T in has full row rank and its minimum singular
value s given by

28in ———F——~—, €
Umin(T) — ] 4min (n,e)+2 7é n ) (514)
2sin I—n, E="

The following simple lower bound on oy, (7)) is useful to get bounds that can be
easily handled and are related to the grade of the original matrix polynomial.
COROLLARY 5.5. Let T be the matriz in (5.13) and d=e+n+ 1. Then

Omin (T) Z

[\
&%
)
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Proof. Tt follows from ([5.14)) and the inequality sin(z) > 2v/2z/7 for 0 < = < /4.
0
Lemma bounds the norm of the minimum 2-norm solution of %equiv—
5H.12

alently, of the minimum Frobenius norm solution of the matrix equation , since
[[vec(C)T, vee(D)T]" |2 = [ (C, D)|F.

LEMMA 5.6. Let (T + AT)x = b be the underdetermined linear system (5.13),
and let us assume that omin(T) > ||AT||2. Then (T + AT)x = b is consistent and its
minimum norm solution (Co, Dy) satisfies

1
1Co, Do)llr < 5[(Adzz, AB22)| r, (5.15)

where § := omin(T) — ||AT 2.

Proof. From Weyl’s perturbation theorem for singular values [45], Theorem 3.3.16],
we get omin (T + AT) > omin(T) — ||AT||2 > 0. Therefore, T+ AT has full row rank
and the linear system is consistent. Its minimum norm solution, (Cy, Dy), is
given by (T + AT)'b, where (T + AT)" denotes the Moore-Penrose pseudoinverse of
T + AT. Then,

1

(Co, Do)llr <I(T + AT)"[|2]|(AAzz, ABgo)||r = m

[[(AA22, ABgs)||F

< ! I
= i (T) — AT

AAys, ABs)| F.

0
From Lemma it is clear that the quantity 6 = omin(T) — ||AT||2 will play a

relevant role in our analysis. Therefore, we establish a tractable lower bound on 4.
LEMMA 5.7. Let T and AT be the matrices in (5.13), let AL(N) be the pencil in

(G.9), andd =c+n+1. If |AL(N)||F < 1/d, then

2(v2-1)
d

Omin(T) — [|AT||2 > >0.

Proof. Using standard properties of norms and Kronecker products [45, Chapter
4] (pay particular attention to [45, p. 247, paragraph 1]), we get

-AAL, ® I, —Im @ AA
171 < || ||+ 7 A
AB{y ® Iy, ) Iym @ ABoy )
. —AAL I —AAy —AAL + —AA
ABL ) ABy ) ABL » ABs; h
<2[ALN)F-

From this inequality and Corollary the result is obtained as follows:

2V2 2(v2-1
uin(T) — AT > 222 aac (e > 22D,

0
Theorem is the key technical result of this section. It proves that the system

of quadratic Sylvester-like matrix equations (5.11)) has a solution (C, D) such that
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1(C,D)|lr < |AL(A)||F, whenever ||AL(MN)||F is properly upper bounded. As men-
tioned before, this theorem extends to underdetermined quadratic matrix equations
results proved by Stewart for equations with a unique solution [67, Theorem 5.1], [G8]
Theorem 2.11, p. 242]. The proof of Theorem [5.8| follows those in [67) 68].

THEOREM 5.8. There exists a solution (C, D) of the quadratic system of Sylvester-
like matriz equations (5.11)) satisfying

0
I(C, D)llr < 25, (5.16)
whenever
w 1
6>0 and ﬁ < 1 , (517)

where § = Umin(T) — ||AT||2, 0:= H(AA22;AB22)||F; and w = ||(M0 + AA117M1 +
AB1)|F-

Proof. Lemma [5.6] and the hypothesis 6 > 0 guarantee that the linear system
of matrix equations is consistent, and, even more, that it is consistent for any
right-hand side. Let the minimum norm solution of be denoted by (Cy, Dy). It
satisfies

1 0
I(Co, Do)|lr < EH(AAQ%ABQ)HF =35 = Po

according to Lemma Then, let us define a sequence {(C;, D;)}52, of pairs of
matrices as follows: for ¢ > 0 the pair (C;, D;) is the minimum norm solution of

Cz‘(ETm — AAi) + (Ben — AA21)D; = AAgy + Ci 1 (Mo + AA11) Dy
Ci(F,,, + AB12) + (Fen + AB21)D; = —ABgy — Ci_1(My + AB11)Di—y
(5.18)

Therefore, vectorizing (5.18) and using the matrix 7'+ AT defined in (5.13)), we get

veto) | = et |+ sy ([ e Gt A ) -
(5.19)

We claim that the sequence {(C;, D;)}52, converges to a solution (C,D) of (5.11))
satisfying (5.16]). To prove this, we first show that the sequence {||(C;, D;)||r}2, is
a bounded sequence. If ||(C;—1, D;—1)||r < pi—1, then we have from (5.19)) that
1(Ci; Di) |l <[[(Co, Do)l
+ (T + AT) 2 [(Cimr, Dim )7 Ml (Mo + AAvy, My + ABu)||
<po+ pi_wd =i p; .

We may write the quantity p; in the equation above as p; = po(1 + k;), where x;
satisfies the recursion

_ -1 _ -2
{ K1 = powd ™+ = Owd =2, (5.20)

KRit+1 = }431(]. + KJi)Q .

The equation (5.20) is the fixed point iteration ;1 = g(k;) with g(z) := k(1 + )2
and with initial iterate x;, which satisfies 0 < k1 < 1/4 according to (5.17). If
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k1 = 0, then k; = 0 and p; = po for all ¢ > 1, which means that the sequence
{II(Cs, D)l F}2, is bounded. Next we consider the case 0 < k; < 1/4. It can be
proved that 0 < k1 < Ko < +-- < K; < --- by induction as follows: it is obvious that
K1 < ko and if we assume k; 1 < K;, then ;11 /k; = (145;)%/(1+K;_1)? > 1. Another
induction argument proves that 0 < x; < 1 for all ¢ > 1 as follows: by assumption
0<rK <1/4<1,andif 0 < k; < 1, then 0 < Kiy1 = K1(1 + ;)% < k14 < 1. The
iteration k;11 = g(k;) has two positive fixed points: one strictly larger than 1 and the
other equal to k := 2k1/(1 — 2k1 + +/1 — 4k1) and strictly smaller than 1. Observe
that ¢’'(z) = 2k1(1 + z) satisfies 0 < ¢'(z) < 4k1 < 1 for any 0 < z < 1. Thus the
mean value theorem implies |k, 41 — k| = |g(k;) — g(k)| < 4K1|k; — K|, which in turn
implies |r;41 — k| < (4K1)%|k1 — K| and

. 2%1
k= lim k; =

<1,
i—00 1 -2k ++/1 -4k,

and k; < k for all ¢ > 1. Thus, the norms of the elements of the sequence {(C;, D;)}2,
are bounded as

(G, Di)llr < p:= lim p; = po(1 + k). (5.21)
We now show that the sequence {(C;, D;)}52, converges provided that 26 twp <

1, which is ensured by (5.17). For this purpose, let S; = (Si(c),SZ-(D)) = (Ciz1 —
CivDi-‘rl - Dz) Then " implies

I1Sillp < I(T + AT) |2

vec (Ci(Mo + AA11)D; — Ci_1 (Mo + AA11)D;i 1)
vec (Cij(My + AB11)D; — Ci—1 (M1 + AB11)D; 1)

2
vec Si(f)(Mo + AA1)D; + Ci_1(My + AAu)Si(?l)
(

1
vec (S C%(Ml + ABll)Di + Ci_1<M1 + ABll)Sf?f

i—

<4t

2
<20 wp||Si—1lp-

Therefore, the sequence {(C;, D;)}22, is a Cauchy sequence, since 26 twp < 1, and
must have a limit (C, D) := lim;_, o (C;, D;). Taking limits of both sides of , we
get that (C, D) is a solution of (5.11). Finally, from (5.21)), [|(C, D)||lr < po(1+ &) <
2po = 26160, which concludes the proof. O

Theorem [5.9] completes the first step of the backward error analysis. Its proof
follows from Theorem and norm inequalites. The numerical constants appearing
in Theorem are not optimal and have been chosen to keep the analysis and the
bounds simple.

THEOREM 5.9. Let L(X) be an (e,n,n, m)-block Kronecker pencil as in , let
e+n+1=d, and let AL(N) be any pencil with the same size as L(\) and such that

1ALV F < ((ﬁd— 1)) - ||/\M1+MOHF. (5.22)

Then, there exist matrices C' € Fen*(1t)m gnd D € FlEHIXnm that satisfy

d|ALN[F

I, D)lr < 7

(5.23)
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and the equality (5.6) with
max{[|ALs1 (N, [|AL12(N)| £}

< IALOr (1 ; (IAM: + Moy + |A£<A>||F>) L G2y

_a
(V2-1)

Proof. The notation in (5.9)) for the blocks of AL(\) is used throughout the proof.

We first prove that (5.22)) implies (5.17)) and, so, the existence of C and D satisfying
(5.6). For this purpose, note that (5.22) implies |AL(MN)||r < 1/d < 1 and, therefore,

that Lemma [5.7] holds and that § > 0. With this, and the notation in Theorem [5.8]
we get

b _ [JALWF (IAM: + Mol|r + [[ALA) [ 7)
52 — 4(v2-1)?
d2

<1
47

and (5.17)) indeed holds. Then, Theorem implies that there exist matrices C' and
D satisfying (5.6)) and

dIALN) [
(V2-1)

which proves (5.23)). Finally, from (5.5 and (5.6]), we obtain that

0
I(C, D)]lr < 25 <

AL1(N) = (AMy + My + AL (A\)D + ALyo(N),
ALy (N) = CAMy + My + AL (N) + ALar (M),

which combined with (5.23)) leads to (5.24)).
0

5.2. Second step: proving that £(\) + AL()\) in is a strong block
minimal bases pencil. The main result of this section is Theorem [5.17} From
the definition of strong block minimal bases pencils, it is not surprising that part of
the proof of Theorem relies on algebraic results that characterize when a matrix
polynomial is a minimal basis with all its row degrees equal and such that any minimal
basis dual to it has also all its row degrees equal. In the first part of this section, we
establish such characterizations. In this process, we use the complete eigenstructure
of a matrix polynomial. Since it may include infinite eigenvalues, whose definition
depends on which grade is chosen for the polynomial [I7, Section 2], we adopt the
convention in this section that anytime a complete eigenstructure is mentioned, the
grade of the corresponding polynomial is equal to its degree.

A simple result that is used in this section is the next lemma.

LEMMA 5.10. Let Q(X) € FIA]™*™ with m < n. Then, Q(X) is a minimal basis
with all its row degrees equal if and only if the complete eigenstructure of Q(\) consists
of only n — m right minimal indices.

Proof. 1t is a simple consequence of Theorem and the fact that if all the row
degrees of Q(\) = >%_, QA" (where Q, # 0) are equal, then its highest row degree
coefficient matrix is equal to its leading coefficient Q4. So, if Q()) is a minimal basis
with all its row degrees equal, then Theorem guarantees that Q(\) has no finite
eigenvalues, since Q(\o) has full row rank for all Ay € F, and that Q()) has no infinite
eigenvalues, since it is row reduced. In addition, @Q(\) has no left minimal indices,
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since it has full row rank. Therefore, the complete eigenstructure of Q(X) consists of
only n — m right minimal indices.

Conversely, if the complete eigenstructure of Q(A) consists of only n — m right
minimal indices, then rank Q, = rank Q(A) = m, because Q(A) has neither infinite
eigenvalues nor left minimal indices. This implies that all the row degrees of Q(\)
are equal, since otherwise rank @, < m, and that Q(X) is row reduced. Moreover,
rank Q(A\g) = m for all Ay € F because Q()\) has no finite eigenvalues, and we get
from Theorem that Q(\) is a minimal basis with all its row degrees equal. O

Convolution matrices will be useful in our characterizations of minimal bases and
in a number of perturbation results. For any matrix polynomial Q(\) = >°7 QN
of grade ¢ and arbitrary size, we define in the spirit of Gantmacher [33, Chapter XII]
the sequence of its convolution matrices as follows

-0,
Qq—l Qq
: Q1 -
Ci(RN) =1 @, o, | fori=012... (5.25)
QO qul
_ Q |

7 + 1 block columns

Observe that for every j the matrix C;(Q(\)) is a constant matrix. In particular for
j = 0, the matrix Co(Q(X)) is a block column matrix whose block entries are the
matrix coefficients of the polynomial. The fundamental property of these convolution
matrices is that if Z(\) is any matrix polynomial of grade j for which the product
Q(N)Z()) is defined and is considered to have grade ¢ + j, then

Co(QMNZ(N) = C5(Q(N)) Co(Z(N)) - (5.26)

Another easy property of convolution matrices that we often use is that ||C;(Q(N))||»
= 7+ 1||Q(\)||F- Note also that if S(A\) is another matrix polynomial with the
same grade as Q(A), then C;(Q(N) + S(A)) = C;(Q(X)) + C;(S(N)), for all j. The
convolution matrices for pencils are particularly simple. For instance, for the pencil
L.(\) ® I, in the (2,1)-block of (£.I]), we have with the notation in that

Fan

Co 1 (L-(N)®1,) = ~Een ¢ + 1 block rows. (5.27)
FE'IL

7Esn

e block columns

Lemma [5.10| motivates us to look deeper into the right minimal indices of a matrix
polynomial Q()) and into the rational right null subspace N;.(Q) defined in (2.2). This
is the purpose of Lemmal[5.11] which proves for general matrix polynomials ideas that
can be found in [33, Chapter XII] only for matrix pencils.

LEMMA 5.11. Let Q(A) € FA™*™ and let Cs(Q(X)), s = 0,1,2,..., be the
sequence of convolution matrices of Q(X). Then, the following statements hold.
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(a) Let v(A\) € FIA]™*! be a polynomial vector of grade j. Then, v(\) € N,.(Q) if

and only if Co(v(\)) € N3(C5(QUN).

(b) The smallest right minimal index of Q(X) is j if and only if C;_1(Q(X)) has

full column rank and C;(Q(X)) does not have full column rank.

(c) If j is the smallest right minimal index of Q(\) and dim N,.(C;(Q(N))) = p,

then Q(X) has at least p minimal indices equal to j.

Proof. Part (a) follows immediately from . Before proceeding, note that
part (a) establishes the natural bijectiorﬂ v(A) — Cy(v(A)) between the set of poly-
nomial vectors of grade j in N,.(Q) C F(A\)" and N,.(C;(Q()\))) € FUTUnx1 Indeed
v(A) = Co(v(X)) is a bijection, since its inverse can be trivially constructed as fol-
lows: partition any = € N,(C;(Q(\))) C FUTUnX1 a5 5 = [m?, ooyt 2T where
x; € F»*! and note that

T — zjzxi/\i =: P(z;\) € N;-(Q) (5.28)
i=0

is the inverse of v(A) — Co(v(N)).

Part (b). From part (a), it is obvious that if the smallest right minimal index
of Q(A) is j, then C;_1(Q(X)) has full column rank but C;(Q())) does not. The
converse also follows from part (a) by taking into account that if C;_1(Q(\)) has full
column rank, then C;_2(Q(N)),...,Co(Q(XN)) have also full column ranks. Therefore,
Ne(C5-1(QN)) = {0},..., N (C1(Q(N))) = {0}, N:-(Co(Q(X))) = {0} and part (a)
implies that A,.(Q) does not include vectors different from 0 of degree less than j,
but does include vectors of degree j because C;(Q(\)) does not have full column rank
and so N;(C5(Q(V))) # {0}

The proof of part (c) requires more work. Let {v™) ... v} be a basis of
N;(C;(Q(N))) and consider, according to (5.28), the vector polynomials P(v(¥); \) =

1o vgk))\i € N.(Q) for k = 1,...,p. Note that P(v*¥); ) # 0, because v(*) # 0,
and that deg(P(v®);\)) = j, because otherwise Q()\) would have right minimal in-
dices smaller than j. The result follows from proving that P(v(D: \), ..., P(v®);\)
are linearly independent. We prove this by contradiction. Assume that there exists a
linear combination

ar (NP5 A) 4+ aa(W)P@P; ) + -+ a,( NP5 \) =0,

where, without loss of generality, we assume that a;(\),...,a,(\) are scalar poly-
nomials not all equal to zero (if they were rational functions we may multiply the
equation above by their least common denominator). The coefficient of the highest
power in the equation above satisfies

v + vl + ot =0,

for some constants ci,cg, ..., cp, where at least one of them is nonzero. Then, let us
define the polynomial vector q(\) := S°7_, e, P(v®); \). Notice that g(\) € N.(Q)
and that deg(g(A)) < j. Then g(A) = 0, because otherwise Q(A) would have right
minimal indices smaller than j, which implies > 7 _; cxv®) = 0. This is a contradiction
since {v(l), 0@ ,v(p)} is a linearly independent set of vectors. O

IWe emphasize that this bijection is not a linear map since the fields of the linear spaces cor-
responding to the domain and the codomain are different. Nevertheless, it has some obvious linear
properties that can be used.
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Next, we study when arbitrary pencils with the same size as the (2,1)-block of
L(\) 4+ AL()) in are the corresponding block of a strong block minimal bases
pencil.

THEOREM 5.12. Let A+ AB € F\J*"*ETD" and let Co(A+ AB), s =0,1,2, ...,
be the sequence of convolution matrices of A+ AB. Then, A+ AB is a minimal basis
with all its row degrees equal to 1 and with all the row degrees of any minimal basis
dual to it equal to  if and only if Co_i(A + AB) € Feethnxeletn s ponsingular
and C.(A+ AB) € FeEH2nx (0™ hag full row rank.

Proof. Bear in mind that the right minimal indices of a minimal basis are the row
degrees of any minimal basis dual to it. First, assume that A+ AB is a minimal basis
with all its row degrees equal to 1 and with all the row degrees of any minimal basis
dual to it equal to €. Then, the complete eigenstructure of A + AB consists of only n
right minimal indices equal to €, by Lemma From Lemma b), we get that
C.—1(A + AB) has full column rank and, since it is square, it must be nonsingular.
From Lemma c), we get that n > dimN,.(C.(A+AB)) = (e +1)?n—rank(C. (A+
AB)), which implies that rank(C(A + AB)) > (¢ + 1)?n — n = (¢ + 2)n and, finally,
that rank(C.(A 4+ AB)) = (e + 2)n, because C.(A + AB) has (e + 2)n rows.

Next, assume that C._1(A+AB) is nonsingular and C. (A+AB) has full row rank.
Therefore, dim N,.(C.(A+AB)) = (e+1)?n—rank(C.(A+AB)) = (e+1)*n—e(e+2)n =
n. From Lemma b), we get that the smallest right minimal index of A+ AB is ¢,
and from Lemmac), we get that A+ AB has at least n right minimal indices equal
to €. Also note that the degree of A4+AB must be 1, since otherwise its minimal indices
would be all equal to zero. Combining this information with the index sum theorem
[17, Theorem 6.5] applied to A+ AB and with the obvious bound en > rank(A+ AB),
we get

ne > rank(A + AB) > ne + (A + AB) + puesi(A + AB), (5.29)

where §(A + AB) is the sum of the degrees of all the elementary divisors (finite and
infinite) of A + AB and pyesi(A + AB) is the sum of the left minimal indices of
A+ AB. The inequalities imply that rank(A + AB) = ne and that A+ \B has
no elementary divisors at all. Moreover, rank(A + AB) = ne implies that A + AB has
no left minimal indices and that it has exactly n right minimal indices. Therefore,
the complete eigenstructure of A + AB consists of only n right minimal indices equal
to &, which implies, by Lemma that A + AB is a minimal basis with all its row
degrees equal to 1 and with all the row degrees of any minimal basis dual to it equal
toe. O

We now present the counterpart of Theorem [5.12] concerning matrix polynomials
that may be minimal bases dual to the pencils considered in Theorem [5.12] The proof
of Theorem [5.13] is omitted, since it is very similar to that of Theorem [5.12] and is
based again on Lemmas [5.10] and

THEOREM 5.13. Let Q(\) = Y_5_, QiA' € FIN™EFD™ and let Ci(Q(N)), s =
0,1,2,..., be the sequence of convolution matrices of Q(X). Then, Q(\) is a minimal
basis with all its row degrees equal to € and with all the row degrees of any minimal
basis dual to it equal to 1 if and only if Co(Q(N)) € FlE+Inx(E+Dn s nonsingular and
C1(Q(N)) € Fletnx2(e+0n has full row rank.

Theorems and have established the characterizations of a minimal basis
with all its row degrees equal and with all the row degrees of any minimal basis dual
to it also equal that are needed in this paper. We now return to our perturbation
problem for £(A) + AL(A) in (5.6). In Theorem we give some properties of
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the unperturbed (2, 1)-block of £(X), that is, L.(\) ® I,,, and its dual minimal basis
A.(\)T ® I,,. The proof is given in Appendix
THEOREM 5.14. Let L.()\) and A.(\)T be the pencil and the row vector polyno-
mial defined in and , respectively. Then the following statements hold.
(a) Ceoi(Le(N) @ I,,) € Felethnxeletn ys nonsingular and Ce(L.(\) ® I,,) €
Fe(e+2nx e+ pas full row rank.
(b) Co(Ac(N)T ® I,) = I(ci1y, and, therefore, is nonsingular, and C1(A:(A)T ®
I,) € Flet2mx2(Ee+0n has full row rank.

(€) Omin(Cec1(Le(N) ® 1)) = Omin(Ce(Le(N) ® I,)) = 2sin
(d) Tmin(Co(Ae(N)T ® 1)) = Omin(CL(A(N)T @ 1)) = 1.
As a corollary of Theorem and Theorem a)-(c), we obtain the following

perturbation result for the (2,1)-block of L(X) + AL(A) in (5.6).
COROLLARY 5.15. Let ALy (N\) be any pencil of size en x (¢ + 1)n such that

s 3
(4e +2) = 20 +1)°

_3 (5.30)
2(e +1)2
Then, Le(A\) @ I, + ALay (N) is a minimal basis with all its row degrees equal to 1 and
with all the row degrees of any minimal basis dual to it equal to €. _

Proof. Observe that implies that [|Co_1(AL21(N))]|2 < [|Cem1 (AL (M) |7
= Ve ALy (N)||p < ﬁ < Omin(Ce—1(Le(N) ® I,,)), where we have used Theorem

b.14\c). Therefore, C._1(Le(\) @I, + ALy (A) = Ce_1(Le(\) @ 1) + Ce_1(ALy (V)
is nonnsingular, as a consequence of Theorem a) and Weyl’s perturbation the-
orem for singular values [45, Theorem 3.3.16]. An analogous argument proves that
Co(Le(N) @ I, + ALy (M) has full row rank. The result follows from Theorem d

As a corollary of Theorem and Theorem [5.14|(b)-(d), we obtain the following
perturbation result for the minimal basis dual to L.(\) ® I,,.

COROLLARY 5.16. Let AR.(MN)T be a matriz polynomial of size n x (¢ + 1)n,
grade £, and such that

1
7
Then, Ac(N)T @ I, + AR-(N)T is a minimal basis with all its row degrees equal to €
and with all the row degrees of any minimal basis dual to it equal to 1.

Proof. Observe that implies that ||C1(AR.(A\)T)|l2 < |CL(AR-(N)D)||F =
V2[AR: N |lr <1 = 0min(C1(A:(N)T ®1,,)), where we have used Theorem& d).
Therefore, C1(A:(N)T & I, + AR.(N)T) = C1(Ac(N)T @ I,,) + C1(AR(N)T) has full
row rank, as a consequence of Theorem b) and Weyl’s perturbation theorem for
singular values. An analogous argument proves that Co(A:(\)T ® I,, + AR.(\)T) is
nonsingular. The result follows from Theorem O

Now, we are in the position of proving the main result of this section.

THEOREM 5.17. Let L.()\) and Ac(\)T be the pencil and the row vector polyno-
mial defined in and , respectively, and let AZgl()\) be any pencil of size
en X (e + 1)n such that

[AR(N)[|F < (5.31)

1

AL (N)|[F < W

(5.32)
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Then, there exists a matriz polynomial AR.(\)T with size n x (¢ + 1)n and grade €
such that B
(a) Le(N) @ Iy + AL (N) and Ac(N)T @ I, + AR(N)T are dual minimal bases,
with all the row degrees of the former equal to 1 and with all the row degrees
of the latter equal to €, and

(b) IAR-(N)|F < \/§<5+ D) 1AL (V)| < %

Proof. The hypothesis 2)) implies ||A£21( M < 3/(2(c +1)%/?). Therefore,
from Corollary |5.15] we get that L.(\) ® I, + ALy ()) is a minimal basis with all its
row degrees equal to 1 and with all the row degrees of any minimal basis dual to it
equal to €, and, according to Theorern we also have that C. (L. (A\)®1I,+ALs1 (X))
has full row rank. Using this fact, the goal of the rest of the proof is to show that
there exists a matrix polynomial AR, (A7 with grade e, that satisfies the bound in
Theorem [5.17(b), and such that

(Le(A\) ® Iy + ALy (V) (Ac(N) @ I, + AR(N)) = 0. (5.33)
Once this is proved, the proof of Theorem [5.17| concludes by the application of Corol-

lary [5.16]
Since (L:(A\) ® I,) (Ac(A) ® I,) = 0, the equation is equivalent to the
following linear equation for AR, ()
(Le(N) ® Iy + AL21 (V) (AR=(N) = —ALa1 (V) (A (N) © ). (5 34)

Both sides of - have grade € 4 1, therefore, by using convolution matrices,
is equivalent to Cy((L ()\) ®I + ALy (V) (AR-(N)) = —Co(ALy (N) (A(N) ®I ))
which in turn, by using (5 , is equivalent to

Ce(Le(N) ® I + AZﬂ(A)) Co(AR-(N) = =Co(ALat(N) (A-(N) © 1)) . (5.35)
Observe that (5.35)) is a consistent linear system for the unknown Cy(AR.())), since
Co(L:(AN) ® I, + ALs1(N)) has full row rank, with minimum Frobenius norm solution

CO(ARE()‘)) = _CE(LE()\) ® In + AE21 ()\))T CO<AZ21()‘) (Aa()‘) ® In)) . (5'36)
From (|5.36)), we get the bound

o (AR < [ICe(Le(X) ® L+ AZn ()2 1CO(ALar () (V) @ L)
1 ~
T gmin(Co(Le(\) ® I + ALar (V) ICo(AL2: (N) (Ac(N) @ 1)) -

(5.37)

In the rest of the proof, the two factors in the r1ght hand side of ( are bounded.
To bound the first factor, we use Theorem [5.14{c) and ( - as follows

1
— <
Omin(Ce(Le(N) @ Iy + AL21(N))) B Omin(Ce(Le(N) ® In)) - ||C€(A£21(/\))||2
1
< =
B Jmin(cs(Ls()‘) ® In)) - ”CE(AEHO‘))”F
1
<
G —VEFT|ALy(N)|F
1

S—5——F— = (e+1). (5.38)

2(e+1) ~ 2(e+1)
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To bound the second factor of (5.37), we use Lemma d) with d =1 as follows:
ICO(AL21 (V) (AN ® L)) |7 = AL (V) (AN @ L)l F < V2 AL (V)] - (5.39)
Finally, by combining (5.37] 5.39)), the following bound is obtained

IAR:(N)[lF = [Co(AR: (W) lF < V2(e + 1) [ALA (V]| F < S —
2(e+1)
and the proof is finished. O
Theorem [5.17] can be applied with € replaced by n and I,, replaced by I, i.e., to
the transpose of the (1,2)-block of £(A) + AL(A) in (5.6). This allows us to state, as
a corollary of Theorem the final conclusion of this section in Theorem [5.18
THEOREM 5.18. Let L(A)+ AL(N) be the pencil in andletd =e+n+1. If

~ ~ 1
max{[|ALan (M, 1AL12(NIF} < 557,
then L(\) + AL()) is a strong block minimal bases pencil. Moreover, there exist
matriz polynomials AR.(\)T and AR, (AT of grades e and n, respectively, such that
AN @ I, + AR.(N)T is a minimal basis dual to the (2,1)-block of L(N) + AL(N)
with all its row degrees equal to €, Ay(N\)T ® I, + AR, (N is a minimal basis dual
to the transpose of the (1,2)-block of L(N) + AL(N) with all its row degrees equal to
n, and

1

max{[| AR (N)||r, [|AR, (M| r} < vV2d max{[|ALs (V|7 [AL12(V)||F} < ok

The bound max{||AR.(\)||r, [|AR,(N)|r} < 1/v/2 in the equation above has the
main purpose to emphasize that the hypotheses of Corollary hold. In addition,
it motivates the assumptions in Lemmas and that allow us to get rid of
nonlinear terms in bounding [|AP(N)||r.

5.3. Third step: Mapping perturbations to a block Kronecker pencil
onto the matrix polynomial. In this section, we combine the results in Sections[5.1
and [5.2|to obtain our main backward error (or perturbation) results, that is, Theorem
5.21| for general block Kronecker pencils as in and Theorem for degenerate
block Kronecker pencils in which either € = 0 or n = 0, that is, in which one of the
anti-diagonal blocks and the zero block are not present. According to Remark
both cases require somewhat different treatments which makes the discussion longer.

The proofs of Theorems and are direct consequences of previous re-
sults, but require some delicate (although elementary) norm manipulations which are
simplified if the technical Lemmas and are stated in advance. The rele-
vance of these lemmas comes from the fact that the strong block minimal bases pencil
L(A) + AL()N) in Theorem is a strong linearization of the matrix polynomial in
, as a consequence of Theorem The numerical constants appearing in Lem-
mas [5.19 and [5.20} and in the rest of the analysis, are not optimal but allow us to
keep the analysis simple.

LEMMA 5.19. Let P(A) and P(X) + AP(\) be the matriz polynomials in
and , respectively. If the matriz polynomials AR.(\) and AR, (X) of grades €
and 1, respectively, satisfy |AR:(\)||r < 1/v2 and ||AR,(N)||F < 1/V/2, then

IAP)Ilr < VA (BIIALL (N7 + MM + Mol r max{| AR-(N) |, | AR, (V) F}) |
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where d = +n+ 1.
Proof. For brevity, we use in this proof the notation AL := A.(\)T ® I,, and omit
the dependence on A of some matrix polynomials. From (5.4) and (5.7, we get that

AP(XN) =AR](AMy + Mo)Acr, + AL, AL11Acy, + AR ALy Ay,
+ AL (AM;y + Mo)AR. + ART(AM; + My)AR.
+ A} ALAR. + ARFALAR. . (5.40)
The result follows from bounding the Frobenius norm of each of the terms in the
right-hand side of ([5.40)). For this purpose, Lemma is used and, in addition, the
inequalities |[AR.(\)||r < 1/v2 and ||[AR,(\)||r < 1/v/2 are used in those terms
that are not linear in ALy1(A), AR-(A), and AR, () for bounding them with linear
terms. Let us show how to bound only one of the terms in ([5.40)), since the rest are
bounded via similar procedures,
IART(AMy + Mo)AR. || < Vd | AR, || p[[(AMy + Mo)AR. ||
< V2d||ARy || Fl[AM:y + Mol|p|| AR F
< VA|[AM; + Mo pl|AR: || -

0

Lemma [5.20]is the counterpart of Lemma [5.19] that is needed to deal with pertur-
bations of degenerate block Kronecker pencils. The proof of Lemma [5.20] is omitted
because it is similar to, and simpler than, the one of Lemma [5.19

LEMMA 5.20.

(a) Let us consider the matriz polynomials

P(A) = (AM; + Mp)(Ae(N) @ 1),
P(A)+APN\) = (AM; + Mo+ AL (M) (Ac(N) @ I, + AR(N)) .

If the matriz polynomial AR.(\) satisfies || AR.(\)||r < 1/v/2, then
[AP(N)||p <3 AL1(A)||F + V2 [|IAM1 + Mo p [|AR-(N)]| -
(b) Let us consider the matriz polynomials
P(A) = (Ay(N)" ® L) (AM + Mo),
PA) +APA) = (Ay(N)" @ L, + AR, (N)T) (AMy + My + ALy (V).
If the matriz polynomial AR, ()\) satisfies |AR,(\)||r < 1/v/2, then
AP < 3IALLN)|F + V2[[AM; + Mol|r [ ARy (N -

Next, we state and prove the main results of Section [5| concerning perturbations
of the block Kronecker pencils defined and studied in Section Recall that these
pencils are strong linearizations of prescribed matrix polynomials whose right (resp.
left) minimal indices are obtained by summing e (resp. 7) to each of the right (resp.
left) minimal indices of the matrix polynomial (see Theorems [4.2] and [4.4)).

THEOREM 5.21. Let P(\) = Z?:o PX\E € FIN™*" and let L()\) be an (g,n,n,m)-
block Kronecker pencil with d = & +n+ 1 such that P(\) = (A,;(\)T @ L,,)(AM; +
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M) (Ae(N) ® I,), where AMy + My is the (1,1)-block in the natural partition of L(\)
and Ak(N) is the vector polynomial in (2.4). If AL(X) is any pencil with the same
size as L(A) and such that

1 1

ALV < (V2 —1)2 :
IALN)F < (V2 V7 T £ Mllr

(5.41)

then L(A) + AL(X) is a strong linearization of a matriz polynomial P(\) + AP(X)
with grade d and such that

IAPOIF _ |, o IEQ) e IAL]F
PO = PO 10

In addition, the right minimal indices of L(N\) + AL(N) are those of P(A) + AP())
shifted by €, and the left minimal indices of L(N) + AL(N) are those of P(\) + AP(X)
shifted by n.

Proof. Observe that the condition implies that holds. Therefore,
we can apply Theorem [5.9 - to L(A) + AL(N) for proving that it is strictly equivalent
to the pencil £(A) + AL(N) in (5.6)) and thus both pencils have the same complete
eigenstructures. By combining 7 which implies d||AL(\)||F < (V2 — 1), with

(5.24)), we get the following bound

(L4 |AM1 + Mol|p + [[AM:1 + Mo||%) o —

w82 )l 1AZ2 (e} < IALO)Le (24 5T 1AM + Malle) (542

1 1 1
<(V2-1)Z5 <5 o

which allows us to apply Theorem to L(A) + AL(A). Then, £(\) + AL(N) is
a strong block minimal bases pencil which, according to Theorem [3.3] is a strong
linearization of the matrix polynomial P(A) + AP()) in - Moreover, Theorem
6| guarantees that the right minimal indices of £(\ ) + AL(X) are those of P(X\) +
AP( ) shifted by ¢, and that the left minimal indices of £()\) + AL()) are those of
P()\) + AP()) shifted by 5. The same holds for £(\) + AL(\), since it is strictly
equivalent to £(A)+AL(A). It only remains to bound || AP())| . For this purpose, we
combine Lemma [5.19] and the bound on max{||AR.(\)||r,||AR,(N)| r} in Theorem
By using Theorem [5.18) and (5.42)), the inequality

V2
(V2-1)

is proved. If this inequality is introduced in the bound of Lemma then we obtain

max{[|AR:(A)|[r, [[AR, (N[} < d* ALV (1 + [AM: + Mol r)

IAP)[F < 142 AL ||p (1 + 1AM + Mol + [AM: + Mol|%),

and the proof concludes. [

Next, we state and prove Theorem [5.22] which is the counterpart of Theorem
for degenerate block Kronecker pencils. For brevity, degenerate block Kronecker
pencils are called either (0,n,n, m)-block Kronecker pencils when the second block
row in is missing or (g, n,0,m)-block Kronecker pencils when the second block
column in is missing, i.e., they correspond to taking either ¢ = 0 or n = 0. We
emphasize that the perturbation bound in Theorem [5.22 is smaller than the one in
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Theorem because performing the strict equivalence is not needed in the
degenerate case. The most relevant difference in Theorem with respect to the
bound in Theorem is that the term ||AM; + Myl||% is not present, which is in
agreement with the first order results obtained in [20] for Fiedler matrices (not pencils)
of scalar monic polynomials.

THEOREM 5.22. Let P(\) = Z?:o P\ € FIN™*™ and let L(\) be either a
(0,m,m,m)-block Kronecker pencil with d = n + 1 such that P(\) = (A,(M)T ®
In)(AM;y + My) or an (e,n,0,m)-block Kronecker pencil with d = € + 1 such that
P(\) = (AM; + My)(Ae(\) ® 1,), where AMy + My is the (1,1)-block in the natural
partition of L(X) and Ay(X) is the vector polynomial in (2.4). If AL(N) is any pencil
with the same size as L(\) and such that

1

IALOF < 5277

(5.43)
then L(A\) + AL(X) is a strong linearization of a matriz polynomial P(A) + AP(X)
with grade d and such that

NS IRV 1AL
e = 24 PO EOIE

In addition, the right minimal indices of L(X) + AL(N) are those of P(\) + AP(\)
shifted by €, and the left minimal indices of L(X) + AL(N) are those of P(\) +AP(X)
shifted by n, where either e =0 or n = 0.

Proof. We simply sketch the proof, since it follows the same ideas as the proof
of Theorem [ We remind the reader of Remark [3.5] which implies that either the
last block row or last block column of £(A) + AL(A) is empty. Thus, in these limiting
cases, we can directly apply Theorem to L(A) +ALN) = L(N) + AL(N). After
that, it only remains to prove the bound on ||AP(\)||z. For this purpose, we combine
Lemma and the bound on max{||AR.(\)||r, |AR,(A)||r} in Theorem for
obtaining

(L+[[AMy + Mollr) s —

[APN)[r < 2d[[ALN)[|F (1 + XMy + Mol|F) -

This ends the proof. O

Finally, we discuss when Theorems [5.21] and [5.22] guarantee backward stability
of complete polynomial eigenproblems bOlVGd via the staircase or the QZ algorithms
applied to a block Kronecker pencil. We restrict the discussion to nondegenerate block
Kronecker pencils, since the obtained conclusions are also valid for the degenerate case.
According to our discussion at the beginning of Section [5| to equation , and to

Theorem |5 if

Cp = 14d°/? ”]’CDE iHF (1+ |IAM;y + Mo||r + [[AMy + Mo|%) (5.44)
is a moderate number, then the backward stability is guaranteed. From , it is
clear that the following elementarf%/ lemma is useful for our discussion.

LEMMA 5.23. Let P(\) = Y_5_o PeA® € F[A™*™ and let L(X) be an (g,n,n,m)-
block Kronecker pencil with d = € +n+ 1 such that P(\) = (A,(\)T @ L,,)(AM; +
Mo)(Ac(N\) ® 1,). Then:

IEr _ (1AM Mo\ 2ne ) 1
SR \/( POF > TP T Ved
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(b) MMy + Mo|lr > |[P(N)||p/V24d.

Proof. The equality in part (a) follows from (4.1) and Definition [2.14 The
inequality follows from (4.4)), which implies, for £k =0,1,...,d,

1Pelle < D MMlle+ ) 1[Molille

i+j=d+2—k i+j=d+1—k

<vad | Y MglE+ o DD IIMolillE

i+i=d+2—k i+j=d+1—k

This in turn implies |P(A\)||r < v2d ||AM; + M|, which is the result in part (b),
and gives the inequality in part (a). O

From and Lemma a), we see that if ||P(A)||r < 1, then Cp is huge,
since 2(ne + mn)/||P()\)||% is huge. Moreover, from and Lemma b)7 we
see that if ||[P(A)||r > 1, then Cp is also huge, since ||AM; + M| is huge and
1L |2/ |P(N)||7 > 1/+/2d. Therefore, one should scale P()) in advance in such a
way that ||P(A\)||r = 1 to have a chance of Cp , is moderate. But even in this case,
Cp, is large if ||AM7 + M|/ is large. This happens, for instance, in the last pencil
in Example if the arbitrary matrices A and/or B have huge norms.

As a consequence of the discussion above and Theorems[5.2Tand [5.22] we can state
the informal Corollary which establishes sufficient conditions for the backward
stability of the solution of complete polynomial eigenproblems via block Kronecker
pencils (degenerate or not). For the sake of clarity and simplicity any nonessential
numerical constant is omitted in Corollary [5.24]

COROLLARY 5.24. Let P(\) = Y. PN € FIA™™ with |P(\)||p = 1. Let
L(N) be an (g,mn,n, m)-block Kronecker pencil as in with d =€ +n+1 and such
that P(\) = (Ay(N\)T @1, ) (AM; + Mo) (Ac(A\) @ L,). Let AL(N) be any pencil with the
same size as L(X) and with [|AL(N)||F sufficiently small. If |AM1+Mo||r = || PV || F,
then L(A\) + AL(X) is a strong linearization of a matriz polynomial P(\) + AP(X)
with grade d and such that

IAPOe _ 5 —— |ALWs
P <Y E (5.45)

In addition, the right minimal indices of L(X) + AL(X) are those of P(\) + AP())
shifted by €, and the left minimal indices of L(N) + AL(N) are those of P(\) +AP(X)
shifted by n. In particular, this corollary holds for all permuted Fiedler pencils pre-
sented in [25, Theorem 4.5], since for them ||AM1 + Mo||r = ||P(N)]|F-

For limiting block Kronecker pencils, the bound can be improved as follows:
the factor d* can be replaced by d/2, as a consequence of Theorem and v/m +n
by /m if e =0 or by v/n if n = 0, as a consequence of Lemma [5.23|(a).

REMARK 5.25. We emphasize that Corollary can be applied also to non-
permuted Fiedler pencils, since the Frobenius norm is invariant under permutations
and permutations preserve strong linearizations and minimal indices. Therefore, given
a Fiedler pencil and a perturbation of it, we can permute both and transform the
corresponding perturbation problem into the problem we have solved in this section.

REMARK 5.26. Consider that each block-entry of the (1,1)-block AM; + My of
the block Kronecker pencil £(\) in Theorems and and in Corollary
is a linear combination of the coefficients Py, ..., Py of P()A) and of some arbitrary

matrices satisfying (4.4). Then, the pencil £(A) + AL(\) in Theorems and [5.22]
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and in Corollary is strictly equivalent to a block Kronecker pencil LA()\) with
exactly the same structure as L(X\) but for the polynomial P(A) + AP()) instead of
P(X). This means that each block-entry of the (1,1)-block of the block Kronecker
pencil E()\) is obtained from the corresponding block-entry of the (1, 1)-block of £(\)
by replacing P; by P;+AP; for j = 0,...,d. In particular, if £(\) is a given permuted
Fiedler pencil of P(\) (see [25, Theorem 4.5]), then £(A)+AL()) is strictly equivalent
to the same permuted Fiedler pencil of P(A\) + AP(\). This result follows from the
fact that Theorem guarantees that LA(/\) has the same complete eigenstructure as
L(N)+AL(N), and so both pencils must be strictly equivalent [33, Chapter XII]. This
remark by itself does not prove that the strict equivalence transformations connecting
L(A) and L(A) + AL(\) are small perturbations of identity matrices, despite the fact
that Z()\) and L£(\) + AL()\) are indeed very close each other. However, it is clear
that this remark opens the possibility of proving directly that £(\) and £(X)+AL(A)
are strictly equivalent via nonsingular matrices that are very close to the identity, as
it was done in [74] for the Frobenius companion linearizations.

6. Conclusions and future work. The new family of strong block minimal
bases pencils has been introduced and analyzed. We have proven in a simple and
general way that these pencils are always strong linearizations of matrix polynomials
and that their minimal indices and those of the polynomials satisfy constant uni-
form shifting relationships. These proofs are based on the properties of dual minimal
bases—classical tools in multivariable linear system theory that have been used re-
cently in different matrix polynomial eigenproblems. As an immediate corollary of
this general theory, we obtain that the same results hold for the subfamily of block
Kronecker pencils, which form a wide subclass of block minimal bases pencils easily
constructible from the coefficients of a given but general matrix polynomial (general
in the sense that it may be square or rectangular, regular or singular). The funda-
mental property that strong block minimal bases pencils are robust under arbitrary
perturbations that are sufficiently small and that preserve the (2, 2)-zero block allows
us to develop a rigorous global backward error analysis of complete polynomial eigen-
problems solved via block Kronecker pencils. The key point of the analysis is that
although perturbations of block Kronecker pencils destroy the delicate block Kro-
necker structure, they lead, after some manipulations, to strong block minimal bases
pencils with similar properties. The backward error bounds delivered by this analysis
enjoy a number of novel features not present so far in the literature as, for instance,
the fact that they are finite precise bounds instead of first order big-O bounds.

The results in this work have already motivated considerable research in the area.
For instance, they have clarified many of the results that have been published in the
last few years on linearizations of matrix polynomials, since it has been proved in
[10] that all generalized Fiedler linearizations [3, 8 [15], all Fiedler linearizations with
repetition [7, [T1], [77], and all generalized Fiedler linearizations with repetition [9] may
be transformed through proper permutations into particular strong block minimal
bases pencils that can be described very easily; structured versions of the backward
error analysis in this paper have been developed for many classes of structured strong
block minimal bases linearizations of structured matrix polynomials in [26]; in [65]
particular block minimal bases linearizations have been used to compute efficiently and
in a stable way the zeros of a polynomial that is the sum of two polynomials expressed
in two different bases, as well as for solving other challenging numerical problems;
extensions of block Kronecker pencils that linearize matrix polynomials expressed in
Chebyshev bases have been developed in [52]; it has been shown that each strong
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block minimal bases pencil can be used to construct strong linearizations of rational
matrices with non-constant polynomial part [2]; etc. In addition to these publications,
several other ongoing research projects related to block minimal bases pencils are being
currently developed by different researchers. They include the extension of the error
analysis to other strong block minimal bases linearizations and the generalization of
the ideas presented in this work to the context of f-ifications of matrix polynomials
17, 27].

Appendix A. The minimal bases of strong block minimal bases pen-
cils. In this appendix, we state and prove Lemma which establishes, first, the
relationship between the vectors in the rational right null spaces of any of the strong
block minimal bases pencils £(\) introduced in Definition [3.1f and of the correspond-
ing matrix polynomial Q(X) in , and, second, the relationship between the right
minimal bases of £(\) and Q(X). In this paper Lemma is only used in the proof of
Theorem [3.6] but we emphasize that is very useful for proving the recovery procedures
of eigenvectors and minimal bases of block Kronecker pencils in [25, Section 7] and
that is a fundamental result in the theory of strong block minimal bases linearizations.

LEMMA A.1. Let L(\) be a strong block minimal bases pencil as in (3.1)), let N1())
be a minimal basis dual to K1(X\), let No(\) be a minimal basis dual to Ka(\), let Q(N)
be the matrix polynomial defined in , and let ]\A/'g(/\) be the matrix appearing in
(3-3). Then the following hold:

(a) If h(X\) € N.(Q), then

20 = (Aévﬂlj?g) NyyT| ) ENL). (A1)

Moreover, if 0 # h(\) € N.(Q) is a vector polynomial, then z(\) is also a
vector polynomial and

deg(2())) = deg(N1(\)" h(\)) = deg(N1 (X)) + deg(h(N)). (A.2)

(b) If {hi(N),..., hp(N)} is a right minimal basis of Q(N), then

{ [—M(A])VJQ(?A);NAMT} AR {—&(AZ)VA}((AA))TM(A)T] i}

is a right minimal basis of L(\).
Proof. (a) It can be checked, via a direct multiplication, that the matrix X (\) in
(3.4) satisfies X(A\) = Na(A)M (A)Ny(N)T. Then, from (3.4), we get that

0 0
(UZ()‘)iT D I'”Ll) E()‘) (U1(>‘)71 D Imz) I = Q()‘) )
—X(\) 0

where the sizes of the identity and zero blocks are conformable with the partition of
the last matrix in (3.4). By using the structure of Uy (\)~! @ I,,,, (recall (3.3))), the
multiplication of the last two factors in the left-hand side of the previous equation
leads to

0
(Us(N) T @ Lny) L(N) El??(m - |em)|- (A.3)
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This equation implies that z(\) € N,.(£) if h(\) € N,.(Q), and also that z()\) is a
vector polynomial if A(\) is, because N1(A) and X (\) are matrix polynomials.

It only remains to prove the degree shift property to conclude the proof of
part (a). First, take into account that all the row degrees of the minimal basis N (\)
are equal and that its highest degree coefficient has full row rank. Therefore,

deg(N1(A)" (X)) = deg(N1(\)) + deg(g(N)) . (A.4)

for any vector polynomial g(\) # 0. The same argument applied to the minimal basis
K5(\) proves that

deg(Ka2(A)" y(V)) = deg(K2(N)) + deg(y(A)) = 1 + deg(y(N)), (A.5)
for any vector polynomial y(\) # 0. Next, observe that

deg(2())) = max{deg(N1(\)"h(\)), deg(X (\)h(N))} - (A.6)
()

Therefore (A.2) follows trivially if X (A)h(\) = 0. Finally, assume that X (A\)h(X) # 0
and h(A) € N.(Q). Then use L(A)z(A\) = 0, and perform the multlphcatlon corre-
sponding to the first block of £(\)z()), using the expressions of z(\) in and

A) in (3.1)), to get
MA)NL(A)TR(N) = K2 (D)X (A)A(N).
This equality implies, together with (A.5)), that

1+ deg(X (V)h(X)) = deg(K2(\)T X (A)A(N)) < deg(M (X)) + deg(N1(A)"h(N))
< 1+ deg(N1(\)Th(N)),

h(
and, so, deg(X (A\)h(N)) < deg(N1(A\)Th())). This inequality, together with (A.4) and

(A.6) thus prove (A.2).

(b) Let us consider the matrix product

N (N)T

BO=1_m,o0mmmmr

[ha(A) -+ - By (V]

and let us prove that their columns are a minimal basis of the rational subspace
they span by applying a version of Theorem for columns. Note that for all Ay €
F, B()\o) has full column rank since Ny(Ag)T and [h1(Ao) - hp(Xo)] have both full
column rank, since the columns of Ny(A)T and [h1(A)---h,(A)] are minimal bases.
Next, observe that implies that the highest column degree coefficient matrix
By of B(\) has as a submatrix the highest column degree coefficient matrix Cj. of
C(A) := N1t (\)T[ha(N) -+ hp(N)]. Since the column degrees of Ni(A)T are all equal,
we have that C}, is the product of the highest column degree coefficient matrices of
Ny (M\)T and [h1(X) - - - hyp(N)], which have both full column rank because the columns
of both matrices are minimal bases. So C}. has full column rank, as well as Bjy,..
This implies that the columns of B(A) are a minimal basis of a rational subspace
S. In addition, S € N,.(L(N)) by part (a). Finally, note that & = N,.(£) because
dim(N-(Q)) = dim(N,-(£)), since L(A) is a strong linearization of Q(A) by Theorem
[-3(b) and, then, Theorem 4.1 in [I7] holds. O

Appendix B. Proof of Lemma In this appendix, we assume that € # 0
and 1 # 0 according to Remark We first reduce in Lemma the problem of
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computing omin(7T") to the problem of computing the minimum singular value of a
matrix of size 2en x (2en + € + 1), which is much smaller than the size of T'.
LEMMA B.1. Let T be the matrix defined in (5.13) and

~ LLQE, | E®]1
T .-— € n € N B.1
[@@ﬂﬂ@%}’ (B.1)
where AFy, — By, := Ly () is the pencil in (2.3]). Then omin(T) = Umin(f).
Proof. Since the Kronecker product is associative [45, Chapter 4], we may write
the matrix T" as

T:[&®M®Q®hg®%®&®h}

F@Ln0LeL, | ,0,0F.®1I, (B.2)
[ (By® L) ©L | L @ E. '

_[UQ®QJ®QQm®E

}@In::fﬂgln.

Thus, oumin(T) = Omin(T) by A5, Theorem 4.2.15]. Following Van Loan [76], let us
perform a perfect shuffle on the matrix T on the right of to swap the order of
the Kronecker products of its blocks. That is, there exist permutation matrices S,
RT and RY of sizes enm x enm, e(n + 1)m x e(n + 1)m and (¢ + 1)npm x (¢ + 1)nm,
respectively, such that

S| (By© 1) @1 | Lim @ E. | [ RT |

IE (Fy @ In) @ I | Iym ® F | RT
) | Ee® Ly | _ [ L®E, | E.®1,
)| Fe@lym | | LLOF, | L0,

I
oo
®|®
BIED

]@I =T®1,,.

Using again [45, Theorem 4.2.15], we get omin(T) = amin(f) = amin(f). O

Lemma reduces the problem of computing the minimum singular value of T
in to compute the largest singular value of a matrix smaller than 7', essentially
with half its size, and with a simpler structure.

LEMMA B.2. Let T be the matriz in . Then

~

Umin(T) = 2 - Umax(Ws,n) ) (B3)

where W, ,, = 15®E,,F$ +E€FET®L, € RN and omax(We ) denotes its mazimum
singular value.
Proof. The singular values of T are the square roots of the eigenvalues of

o 21 1% 0o W
T _ en en| _ &
il A R A

where W, , = I. ® EWF;;F + E.FT ®1,. It is well known (see, for instance, [68, Theo-
rem 1.4.2]) that the eigenvalues of [0, We ,,; WX, , 0] are 201 (We ), ..., 20y (We ),
where o1 (W, ) > -+ > 0.,(W, ) are the singular values of W, ,. Therefore, the
eigenvalues of TTT are 2+ or(Wep), ..., 2+ 0.yp(We,y), which implies the result. Ob-
serve that 777 is positive semidefinite and, thus, its eigenvalues are nonnegative.
0
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The advantage of the matrix W, ,, is that has a bidiagonal block Toeplitz structure
with very simple blocks. This comes from the fact that

0
1 0
EkaT _ 1 0 =: Jp € R®**  (with J; := 0141),
1 0
which implies
Iy
I, J,
W, =1& EnFnT VEFTQI, = I, Jy ¢ block rows. (B.4)
L, J,

€ block columns

This structure will allow us to compute explicitly the largest singular value of W, ,,.
Without loss of generality, we assume that € > 7, since, otherwise, W, ,, is transformed
into W, . with a perfect shuffle permutation , i.e., by interchanging the order of the
Kronecker products in the summands of W¢ ,. In this situation, note that if n = 1,
then Wy 1 = 01x1 and W, ; = J. for € > np = 1. Therefore,

Omax(W1,1) =0 and opax(We1) =1, ife>n=1. (B.5)

If n > 1, then omax(Ws ) can be computed with the help of Lemma [B.3] where we
show that W , is permutationally equivalent to a direct sum involving the following
two types of matrices

My, = oo | eRMF and Gri= | . o € RFHFDxE,
1 1 1 1
1 1
(B.6)
LEMMA B.3. Let W, , be the matriz in , let My, and Gy, be the matrices in
, and assume that € > n. Then, there exist two permutation matrices P; and P,
such that

PIW. Py = (My @& My @ -+ @ M) ®(Gpo1 @G )@@ (G1oGT) ®01x1. (B.7)

e—n times

Proof. If n = 1, then the result follows trivially from the discussion in the two
lines above with the convention Gy @ GZ := 01x1. Therefore, we assume in the
rest of the proof that n > 1. Observe that the 01x1 block in is a consequence of
the fact that the first row and the last column of W, ,, are both zero. Thus, permuting
the first row to the last row position produces the 071 block.

We first point out that every nonzero row or column of W , contains only one or
two 1’s and if there are two 1’s, their indices differ exactly by n—1. We now construct



40 F. M. DOPICO, P. W. LAWRENCE, J. PEREZ, AND P. VAN DOOREN

the permutations P; and P, that yield . Let us use for this the MATLAB index
notation to indicate which permutations are “extracting” the different blocks of the
direct sum decomposition . It is easy to see that the 2 x 1 submatrix of W,
with row indices (2,7 4+ 1) and column index 1 yields Gy :

Gi=W.,2:n—-1:n+1,1)

and this block is “decoupled” from the rest of the matrix W, , since the remaining
elements in the corresponding rows and column are zero. In a similar manner, one
extracts for i = 1,...,n — 1 the following (i + 1) x ¢ decoupled blocks

Gi=We(i+1l:inp—1iin+1,i:n—1:(i—-1)n+1), 1<i<n—1,

each starting from the element (i + 1,7) in the leading block J, and ending at the
leading 1 of the block I, at the (i + 1,¢) block-entry. In a similar fashion one also
extracts for i = 1,...,m—1 the “transposed” matrices G backwards from the trailing
block J,, i.e., each GT starting from the element (n—i+ 1,7 — 1) in the trailing block
J, and ending (backwards) at the trailing 1 of the block I, at the (¢ — i+ 1,& — 1)
block-entry. In MATLAB index notation this amounts to

Gl =W (en—i+1:1—n:(e—i+n,en—i:1l—n:(e—im).

So far, we have “extracted” n — 1 trailing 1s of the n — 1 trailing blocks I,,. This
allows us to find the remaining (¢ — 1) blocks M, in as follows: each of them
starts from the trailing 1 in the block I,, at the (i 4+ 1,¢) block-entry and ends at the
leading 1 of the block I,, at the (i + 1, + n — 1) block-entry. In MATLAB index
notation this amounts to

M =W, o ((i+1)n:n—1: (n+i—n+1,in:n—1: (p+i—2)n+1), 1<i<e—n.

Finally, it is also easy to verify that the dimensions and the number of 1s of the
direct sum decomposition in the right-hand side of match those of W, ,. This
completes the proof. O

Now, we are in the position of computing omax(Ws ).

ProrosITION B.4. Let W, be the matriz in , Then

2C08 gty min{zm}ﬂ, ife #n,

2 cos %, ife=mn. (B.8)

Omax (Ws,n) - {

Proof. As explained after the equation , we may assume without loss of
generality that € > 7. In addition, if n = 1, then the result follows immediately from
(B.5). Thus, the rest of the proof assumes € > n > 1.

Let us consider first the case ¢ = > 1. Lemma implies that omax (W) =
max{omax(Gn—-1); s Omax(G2), Omax(G1)}. In addition, since G}, is a submatrix of
Gr41, we have that omax(Gp—1) > -+ > Omax(G2) > Omax(G1) [45) Corollary 3.1.3].
Therefore, omax(Wh.n) = 0max(Gn—1). The singular values of G,_; are the square
roots of the eigenvalues of

N

G%Llanl = e RO=Dx(m=1)
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which are known at least from the 1940s [34, p. 111]. They are

)\j:2(1—cosm>, for j=1,2,...,n—1.
n

Therefore the maximum of these eigenvalues is

-1
Ap—1 =2<1—cos7r(77)> 22(1—|—cos7r> 2400821.
n n 2n

The result follows from omax(Wy.n) = Omax(Gp—1) = v/ Ap—1.

Next, we consider the case ¢ > n > 1. In this situation, Lemma implies
that omax(We ) = max{omax(My), Omax(Gy=1); s Omax(G1)} = Omax(M;;), where
we have used again that G, is a submatrix of G41 and that G, _; is a submatrix of
M,,. The singular values of M,, are the square roots of the eigenvalues of M,]MnT , l.e.,
the square roots of the roots of the characteristic equation

A=2) -1
-1 A=2) -1
det(A — M, M) = det -1 =0.
(A—2) -1
-1 (A=1)
With the change of variable A = 2u + 2, the equation above becomes
2u -1
-1 2u -1
det | —1 T = Uy (1) + Uyt (1) = 0, (B.9)

2u -1
-1 2u+1

where Uy(p) is the degree-¢ Chebyshev polynomial of the second kind [58]. The first
equality in can be obtained directly from [48], eq. (11)] by applying the recur-
rence relation of the Chebyshev polynomials of the second kincﬂ Alternatively this
fact can also be easily established from results found in [39]. Observe that Gershgorin
Circle Theorem [38, Theorem 7.2.1] implies that the eigenvalues of MnMWT satisfy
0 < A < 4. Therefore, the roots of (B.9) satisfy —1 < u < 1. Moreover, we also
have that 1 and —1 are not roots of since Uy, (1) + Up—1(1) =2n+1 # 0 and
Up(=1) 4+ Up—1(—1) = (=1)" # 0. Thus, the roots of satisfy —1 < p < 1. With
the change of variable p = cos 8, we get the equation

1 . cos§ . (2n+1)0
Up(p) +Up—1(p) = Sine(sm(n + 1) +sinnb) =2 sin; sin 5 =0,
whose roots are 6; = 27j/(2n+1), j = 1,...,n in the interval 0 < § < 7. We finally

obtain that the eigenvalues of M,,MZ are

25T

)\j:2+20052n+1,

for j=1,2,...,n. (B.10)

2The reader should take into account that in [48] the characteristic polynomial is defined as
det(MnME; — AI) and the change of variable is slightly different.
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The largest one is A1, which implies

2T ™
Omax(Wen) = Omax (M) = \/2+2cos 1 = 2cos il

Finally, Lemma[5.4] follows from combining Lemmas[B-I]and [B-2] Proposition [B-4]
and an elementary trigonometric identity. Observe that omin(7T") # 0, which implies
that T has full row rank.

Appendix C. Proof of Theorem Taking into account that L.(\) ® I,
and A.(\)T ®I,, are dual minimal bases with all their row degrees equal, respectively,
to 1 and ¢, part (a) is an immediate consequence of Theorem|[5.12} Part (b) can also be
seen as a consequence of Theorem (except the obvious equality Co(A.(\)T®1,) =
I(c41)n), although it can be deduced directly because the matrices Co(A-(A\)" @ I,)
and C1(A.(\)T ® I,,) are very simple.

In order to prove part (c), we first note that C._1(L:(A\)®1I,) = Ce—1(L:(N\)® I,
and C.(L:(\) ® I,) = Co(Le(N)) ® I,. So, it suffices to look at Ce_1(Lc())) and
C.(Le(N)). We then point out that there exist diagonal sign scalings, S, S2,Ss, 5S4,
(and hence orthogonal matrices) which get rid of all negative signs in C._1(L.()))
and C.(L:(N)), and that with the notation at the beginning of Section [5.1]lead to:

0

F.
N E.
5105_1(145()\))52 =: Cg_l(Le()\)) e € 4+ 1 block rows,
F.
E.
| ———
€ block columns
and
F.
. E. .
S3C:(Le(A))Ss =: Co(Le(N)) = € + 2 block rows.
. P
E.

| —
e + 1 block columns

Clearly we can as well look at the singular values of the matrices C._1(Lc()))
and C.(L.()\)) since they are orthogonally equivalent to C._1(L.(\)) and Co(L.())),
respectively. We then show that there exist row and column permutations (and hence
orthogonal transformations) that put C._;(Lc(\)) and C.(L.()\)) in the following
block diagonal forms

PC. ((L-OA)YP, =M. MT @@ M, & M], (C.1)
PsC(L.A\)Ps=M.o M ' @---a M & Ml &GT, (C.2)

where M, and Gy were defined in . Since a formal proof of (C.1) and (1C.2) is
long, we simply sketch the main ideas. Notice that each of the matrices C._1(Lc(N))

and C.(Ls(\)) have one or two 1’s in each column or row. Moreover, note that
C.—1(Lc(N)) has exactly 2¢ columns with only one “1” and exactly 2e rows with only



BLOCK KRONECKER LINEARIZATIONS AND BACKWARD ERRORS 43

one “1”, while C.(L.()\)) has exactly 2(¢41) columns with only one “1” and exactly 2e
rows with only one “1”. Then, starting from the leading column in C._;(L.(\)) with
a single “1”7, one can then reconstruct a staircase M. and starting from its trailing
column with a single “1”, one can reconstruct a staircase MZ. The corresponding
index selection in Matlab notation for these two submatrices is:

M, =C. 1 (L:\)(e+1:ed+1:e+el:e4+2:e2+e—1),

MI=C. (L) :e+1:22:e+2: 6% +¢).

After permuting these two blocks out of C._1(L.(\)) one continues in a similar way to
recover all other blocks M, and M, for k =e —1,...,1. For the matrix C:(L.(\)),
the procedure is similar, except that in the first step, one extracts

Gl =CLe\)(e+1:e+1:e2+e,1:e4+2:242+1)

starting from the “1” in the leading column. The rest of the extraction is similar to
the one for the matrix C._; (L. ())).

So the smallest singular values of C._1(Lc())) and C.(L.(\)) are those of the
diagonal blocks with the smallest singular values. This turns out to be M, for both
matrices, since the smallest singular value of the full-row rank matrix GI' = [M,|e.]
is larger than that of M. [45, Corollary 3.1.3] and, according to (B.10), omin(M:) <
Omin(Me—1) < -+ < omin(M7). The smallest singular value of M, is the square root
of the smallest eigenvalue given in :

2em . s
Omin(Me) = \/2+2cos <2€+ 1) = 2sin (4€+2> .

The inequality 2sin(;7%5) > 253;1 > Q(Eil) follows then from the inequality sin(z) >
3x/m for 0 < x < 7/6 since we assumed € > 1.

The proof of part (d) follows from the equality Co(A-(A\)T ® I,,) = I(c41)n and
the fact that an obvious column permutation P allows us to prove that C;(A.(A\)T ®
I,)P=1,® (I, ® [1,1]) ® I,. Therefore, the singular values of C1(A:(\)? ® I,,) are
1 (with multiplicity 2n) and v/2 (with multiplicity en).
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