CANONICAL FORMS FOR CONGRUENCE OF MATRICES: A
TRIBUTE TO H. W. TURNBULL AND A. C. AITKEN∗
FERNANDO DE TERÁN†
Abstract. A canonical form for congruence of matrices was introduced by Turnbull and Aitken
in 1932. More than 70 years later, in 2006, another canonical form for congruence has been introduced
by Horn and Sergeichuk. The main purpose of this paper is to compare both canonical forms and
provide a brief survey on the history of the canonical form for congruence.
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1. Introduction.
1.1. Congruence and similarity. We consider the following two actions of the
general linear group of n × n invertible matrices with complex entries (denoted by
GL(n, C)) on the set of n × n matrices with complex entries (denoted by Cn×n ):
GL(n, C) × Cn×n
(P, A)

−→ Cn×n
,
7−→ P AP −1

and

GL(n, C) × Cn×n
(P, A)

−→ Cn×n
7−→ P AP T .

The first one is known as the action of similarity and the second one as the action of
congruence. Accordingly, two matrices A, B ∈ Cn×n are said to be similar if there is
a nonsingular P ∈ Cn×n such that P AP −1 = B and they are said to be congruent
if there is a nonsingular P such that P AP T = B. Similar matrices correspond to
the same linear transformation in different bases, whereas congruent matrices correspond to equivalent bilinear forms. Both the similarity and the congruency determine
equivalence relations in Cn×n . These relations allow us to classify the set Cn×n into
equivalence classes (also called orbits) consisting of equivalent matrices. A usual approach to identify these equivalence classes is by introducing a canonical form for the
corresponding relation. Then the problem of determining whether or not two matrices
are equivalent reduces to the problem of finding the canonical form of these matrices.
There are several interesting connections between canonical forms for similarity and
congruence. For instance, the Sylvester equation XA−AX = 0 can be solved in terms
of the canonical form for similarity of A [5, Chapter VIII, §2], and the same holds for
the matrix equation XA + AX T = 0 with the canonical form for congruence [4]. But
there is a remarkable difference between them. On the one hand, the canonical form
for similarity goes back to Jordan (1838-1922) and it is widely known by the mathematical community (it is the famous Jordan Canonical Form, from now on, the JCF).
Moreover, it is completely accepted as a canonical form par excellence. For instance,
it is studied by first-course degree students in mathematics and in other scientific
disciplines, and most textbooks in basic (and not so basic) linear algebra contain it.
On the contrary, the canonical form for congruence was introduced in 1932 and it is
not sufficiently known even by linear algebra researchers. Moreover, several canonical
forms for congruence have been proposed later by different authors and none of them
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is still completely accepted by researchers (this would not be surprising, since two of
them have been introduced in 2006). The canonical form for congruence is the subject
of the present paper.
1.2. Some history about the canonical form for congruence. A canonical
form for congruence of complex matrices was derived by Turnbull and Aitken in a
classical reference on matrix theory [18, p. 139]. Turnbull and Aitken obtained first a
canonical form for congruence of pencils of the type µA + λAT (here µ, λ are complex
variables) and, from this canonical form they derive the canonical form for matrices
just by taking µ = 1, λ = 0. The most immediate difference between the JCF and the
congruence canonical form of Turnbull and Aitken (from now on, the T A canonical
form) is that whereas the JCF consists of just one type of blocks (the Jordan blocks
associated with a particular eigenvalue) the T A canonical form consists of six types
of blocks (see Section 3).
In 1947, Hodge and Pedoe, without mentioning the work of Turnbull and Aitken
at all, derived in [7] the same canonical form as Turnbull and Aitken (except for
a slight difference in the presentation of one type of blocks). Their canonical form
for A ∈ Cn×n comes from the canonical reduction of matrix pairs (R, S), with R
symmetric and S skew-symmetric, applied to the symmetric and skew-symmetric
parts of A. This reduction is obtained by the authors using similar techniques as the
ones introduced by Bromwich forty years before in [1] for pairs of symmetric matrices.
A long time after the publication of Turnbull and Aitken’s book (we are using
a reprinted edition [18] of the original book, which goes back to 1932), Sergeichuk
provided in [16] canonical forms for congruence over any field F of characteristic not 2
up to classification of Hermitian forms over finite extensions of F. Based on that work
Horn and Sergeichuk established in [8] a canonical form for congruence over fields
of characteristic not two with an involution (later extended in [11] to bilinear forms
over arbitrary algebraically closed fields and real closed fields). When particularized
to the complex field, they achieve in [10] another canonical form for congruence in
Cn×n . From now on, we will refer to it as the HS canonical form. The types of blocks
in this canonical form are different than the types of blocks in the TA canonical
form. In particular, the HS canonical form consists of three types of blocks instead
of the six types in the TA form. This lower number of blocks makes this form more
manageable and it is, for instance, the form that has been used to solve the equation
XA + AX T = 0 in [4]. In the meantime, another canonical form was proposed in [3].
Nonetheless, as it was noticed by Horn and Sergeichuk in [10, p. 1013], some of the
canonical matrices in this form are “cumbersone and not canonical”.
In 1992 Thompson published an expository paper [17], where he showed canonical
forms for congruence of pencils ρR+σS, with R, S being symmetric or skew-symmetric
(both real and complex). The case where R is symmetric and S skew-symmetric is
closely related to the type µA + λAT . More precisely, as noticed by Turnbull and
Aitken [18, p. 136], an elementary change of variables leads the pencil ρR + σS to
the pencil µA + λAT . In 1996, apparently unaware of [18] and [7], Lee and Weinberg
[13] followed Thompson’s paper to derive a canonical form for congruence of matrices
from the canonical form of pencils ρR+σS, with R symmetric and S skew-symmetric.
Their approach is the same as the one of Hodge and Pedoe. These authors focus only
on the real case, and they just mention that a similar procedure can be followed for
complex matrices. This procedure should lead to the TA canonical form. This is
precisely the approach followed by Schröder [15] and he actually obtains six types of
blocks. Nonetheless, these blocks have a different appearance than the ones of the
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TA canonical form due to some further modifications addressed by the author. This
amounts to, at least, three canonical forms for congruence after Turnbull and Aitken’s
one (without considering the one of Lee and Weienberg).
The most surprising fact in all this story is that none of the papers [13, 16, 3,
8, 10, 15] mention the work of Turnbull and Aitken. This is actually more striking
because most of them cite Thompson’s paper [17], where Turnbull and Aitken’s book
is included among the references (though it is just cited as a reference for historical
remarks [17, pp. 335, 358]). One of the main purposes of the present paper is to
point out the work of Turnbull and Aitken. On the other hand, we think that the
HS canonical form is the simplest one among all canonical forms mentioned above
(including the TA canonical form). Hence, we consider interesting to establish the
relationship between this form and the pioneer one of Turnbull and Aitken. Since
both forms provide reductions under congruence for matrices in Cn×n , there should
be a correspondence between blocks in each of these canonical forms. To explicitly
state this correspondence is the other main goal of this paper.
One of the advantages of the TA canonical form of A is that it immediately gives
the spectral structure of the associated pencil µA + λAT . These pencils are known
nowadays as T -palindromic pencils, though this name has been introduced recently1 .
They are becoming a subject of interest in the linear algebra community mostly
motivated by its appearance in several applied problems [6, 14, 12]. As noted before,
the T -palindromic pencils µA + λAT are in one-to-one correspondence with pencils of
the form ρR + σS, with R symmetric and S skew-symmetric. Horn and Sergeichuk,
proceeding in the opposite way as Turnbull and Aitken, derive canonical forms for
congruence of these last kind of pencils from their canonical form for congruence of
matrices. Nonetheless, the canonical form of Horn and Sergeichuk does not explicitly
show the spectral structure of the pencil. In the present paper, we will show how the
spectral structure of the associated palindromic pencil µA + λAT can be recovered
from the HS canonical form of A.
We close this Introduction by noticing that this is not the first time that the book
of Turnbull and Aitken is “rediscovered”. Brualdi published in [2] an “old” proof for
the JCF whose basic idea was found in that book. This leads us to ask : What other
pearls may be hidden in this old book?
2. Spectral structure of T -palindromic matrix pencils. We recall in this
section some basic notions of matrix pencils that will be used in the proof of our
main result (Theorem 3.5). Only in this section we allow for rectangular matrices
A, B ∈ Cm×n . We will say that two matrix pencils µA + λB and µC + λD are
equivalent if there exist two nonsingular matrices P ∈ Cm×m and Q ∈ Cn×n such
that
P (µA + λB)Q = µC + λD.
Each matrix pencil µA + λB is equivalent to a block diagonal pencil of the form
diag(J, N, Lε1 , . . . , Lεp , LTη1 , . . . , LTηq ),

(2.1)

J = diag(µJn1 (λ1 ) + λIn1 , . . . , µJnr (λr ) + λInr ),

(2.2)

where

1 It was introduced privately by D. Steven Mackey in 2003, but the first reference where this
name appears is [6]
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and
N = diag(µIm1 + λJm1 (0), . . . , µIms + λJms (0)),

(2.3)

with

λi 1
.
.
.. ..


Jd (λi ) = 

λi 1
λi


being a d × d Jordan block associated

µ
Lεi = 

with λi ∈ C. Also

λ
.. ..

. .
µ λ ε ×(ε +1)
i

i

is an εi ×(εi +1) right singular block, and LTηi is an (ηi +1)×ηi left singular block. The
pencils (2.2) and (2.3) comprise the regular structure (finite and infinite, respectively)
of µA+λB, and the remaining diagonal blocks of (2.1) comprise the so-called singular
structure.
The numbers −λ1 , . . . , −λr are the finite eigenvalues of µA + λB, and it is said
that µA + λB has an infinite eigenvalue if N in (2.1) is nonempty. Accordingly, we
will refer to the diagonal blocks of N as Jordan blocks associated with the infinite
eigenvalue.
The numbers η1 , . . . , ηq and ε1 , . . . , εp are known as, respectively, the left and
right minimal indices of µA + λB. When µA + λB is square (and, in particular, when
it is T -palindromic), we have p = q.
The pencil (2.1) is known as the Kronecker Canonical Form (KCF) of µA + λB,
and it is unique up to permutation of the diagonal blocks. This canonical form
comprises the so-called spectral structure of µA + λB, consisting of the eigenvalues of
µA + λB, together with the sizes of the associated Jordan blocks, and the minimal
indices. For a proof of the existence and uniqueness of the KCF we refer the reader
to the classical reference on matrix theory [5, Chapter XII], though pencils in that
book are written as A + λB (that is, with just one variable) instead of µA + λB.
When particularizing to the case of T -palindromic matrix pencils the spectral
structure has several restrictions imposed by the particular structure of this kind of
pencils. These constraints are fully explained in [17], but they are present in the
book by Turnbull and Aitken. Following these two references we state the spectral
restrictions in the theorem below.
Theorem 2.1. Let µA + λAT be a T -palindromic pencil. Then, the KCF of
µA + λAT is subject to the following restrictions.
(i) The left and right minimal indices of µA + λAT coincide, that is: if ε is a
right minimal index of µA + λAT then it is also a left minimal index and vice
versa.
(ii) Each Jordan block with odd size associated with the eigenvalue λ = 1 occurs
an even number of times.
(iii) Each Jordan block with even size associated with the eigenvalue λ = −1 occurs
an even number of times.
(iv) The Jordan blocks associated with eigenvalues λ 6= ±1 occur in pairs:
Js (λ), Js (1/λ) (here we understand that the eigenvalue 0 is paired up with
the infinite eigenvalue).
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3. The canonical structure for congruence. In this section we will follow
the notation from [11]
·
[AB] :=

0 B
A 0

¸
.

We begin by introducing the canonical form of Turnbull and Aitken.
Theorem 3.1. (TA canonical form of congruence) [18, p. 139] Each matrix
A ∈ Cn×n is congruent to a direct sum of blocks of the following types:





1
0
1
.
.




 ... ...
 0 . .
(a) A2k+1 = 


. . 1 
0 1
0
(2k+1)×(2k+1)


 
0
c
1



c 1 
1 c 

 

, c 6= ±1 .
(b) B2k (c) = 
 . . . . . .    . . . . . . 
c 1
0
1 c
0
2k×2k


0
1
1 1 


. . 


.. ..




1 1
(c) C2k+1 = 



1 −1


. ..
.


. .
1 −1
0

  (2k+1)×(2k+1) 
0
1
1

 

1
−1
1
1



(k even).
(d) D2k = 
.
.
.
.
.
.
.
.

 

.
.
.
.
1 −1
0
1 1
0
2k×2k


0
1

1 1 

. .. 
.


. .




1
1
(e) E2k = 



−1
1


. ..
.


. .
−1 1
0 2k×2k

 

0
−1
0
1



−1 1 
1 1 



(k odd).
(f) F2k = 
. .

  . . . . . . 
.. ..
−1 1
0
1 1
0
2k×2k
Now we will state the HS canonical

0




−1
Γk = 

1
1

 −1 −1
1 1

form. For this we introduce the k × k matrix

(−1)k+1
.
. . (−1)k 


.

..
 (Γ1 = [1])



0
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and, for each c ∈ C, the 2k × 2k matrix
H2k (c) = [Jk (c)Ik ]

(H2 (c) = [c1]),

where Jk (c) is a k × k Jordan block associated with c.
The HS canonical form is given in the following theorem.
Theorem 3.2. (HS canonical form for congruence) [10, Theorem 1.1] Each
square complex matrix is congruent to a direct sum, uniquely determined up to permutation of summands, of canonical matrices of the three types
Type 0
Type I
Type II

Jk (0)
Γk
H2k (c), 0 6= c 6= (−1)k+1
c is determined up to replacement by c−1

(3.1)

Comparing the statements of these theorems one immediately realizes on a striking difference. Unlike the HS canonical form, the TA canonical form is not claimed
to be unique. The difference in the number of canonical blocks in these two canonical
forms may lead to think that there are some redundant blocks in the TA canonical
form. But, by comparing blocks in the two canonical forms, we will conclude that this
canonical form is indeed unique (up to permutation of blocks), and that there are no
redundant blocks.
In order to prove our main result, we will show first how to recover the spectral
structure of the pencil µA + λAT from the HS canonical form of A.
Theorem 3.3. The KCF of the T -palindromic pencil µA + λAT can be recovered
from the HS canonical form of A as follows:
(i) µJ2k (0) + λJ2k (0)T is equivalent to (µJk (0) + λIk ) ⊕ (µIk + λJk (0)).
(ii) µJ2k+1 (0) + λJ2k+1 (0)T is equivalent to L2k ⊕ LT2k .
(iii) µH2k (c)+λH2k (c)T is equivalent to (µJk (c)+λIk )⊕(µJk (1/c)+λIk ) (c 6= 0).
(iv) µΓk + λΓTk is equivalent to µJk ((−1)k+1 ) + λIk .
Proof. Since J2k (0) is congruent to H2k (0) [16, p. 493], we conclude that µJ2k (0)+
λJ2k (0)T is equivalent to µH2k (0) + λH2k (0)T and, by the uniqueness of the KCF,
this is in turn equivalent to (µJk (0) + λIk ) ⊕ (µIk + λJk (0)). This proves (i).
Since J2k+1 (0) is congruent to A2k+1 [16, p. 492] claim (ii) follows easily.
Claim (iii) is immediate from the uniqueness of the KCF. Finally, to prove (iv)
we multiply


(−1)k+1 2
F
..
..


¡
¢
.
.
T

 + λIk
Γ−T
µΓ
+
λΓ
=
µ
k
k
k
k+1


(−1)
2
k+1
0
(−1)
where the symbol F denotes entries with no relevance to the argument. Now (iv)
follows again by the uniqueness of the KCF.
Notice that the KCF of µA + λAT obtained in Theorem 3.3 is coherent with the
restrictions stated in Theorem 2.1.
Since congruence of matrix pencils is a particular case of equivalence, congruent
matrix pencils have the same KCF. Turnbull and Aitken obtained in [18, pp. 138139] a canonical form for congruence of T -palindromic matrix pencils that exhibits
the KCF of the pencil µA + λAT . From this canonical form they derive the canonical

7
form for congruence of matrices just by taking µ = 1, λ = 0. As a consequence, the
TA canonical form of A allows to know the KCF of µA + λAT . On the other hand,
Theorem 3.3 shows also how to recover the KCF of µA + λAT from the HS canonical
form. If we were able to prove that, conversely, the KCF of µA + λAT uniquely
determines the congruence class of A then we could establish the relationship between
the HS and the TA canonical forms. The following Lemma shows that this is indeed
possible.
Lemma 3.4. Two square matrices A, B ∈ Cn×n are congruent if and only if the
pencils µA + λAT and µB + λB T are equivalent.
Proof. If A, B are congruent then the pencils µA + λAT and µB + λB T are clearly
equivalent. Let us prove the converse. Assume that µA + λAT and µB + λB T are
equivalent. Then, there exists two nonsingular matrices P, Q such that P AQ = B
and P AT Q = B T , so
µ
µ
¶
¶
A + AT
B + BT
A − AT
B − BT
P
and P
.
Q=
Q=
2
2
2
2
Now, by Lemma III in [18, p. 130], there is a nonsingular H ∈ Cn×n such that
µ
¶
µ
¶
A + AT
B + BT
A − AT
B − BT
T
T
H
H=
and H
H=
,
2
2
2
2
and the result follows.
Now we are in the position to state the main result of this paper.
Theorem 3.5. Each of the blocks in the TA canonical form is congruent to one
of the blocks in the HS canonical form as follows.
1) A2k+1 is congruent to J2k+1 (0).
2 B2k (c) is congruent to
2a) J2k (0), if c = 0, and
2b) H2k (c), if c 6= 0.
3) C2k+1 is congruent to Γ2k+1 .
4) D2k is congruent to H2k (1) (k even).
5) E2k is congruent to Γ2k .
6) F2k is congruent to H2k (−1) (k odd).
Proof. The result is an immediate consequence of Theorem 3.3, Lemma 3.4, and
the relationship between canonical blocks in the TA canonical form of A and the KCF
of µA + λAT , given by [18, pp. 135–139]
• µA2k+1 + λAT2k+1 is equivalent to L2k ⊕ LT2k .
• µB2k+1 (c) + λB2k+1 (c)T is equivalent to (µJk (c) + λIk ) ⊕ (µJk (1/c) + λIk )
(0 6= c 6= ±1).
• µB2k+1 (0) + λB2k+1 (0)T is equivalent to (µJk (0) + λIk ) ⊕ (µIk + λJk (0)).
T
• µC2k+1 + λC2k+1
is equivalent to (µJ2k+1 (1) + λI2k+1 ).
T
is equivalent to (µJk (1) + λIk ) ⊕ (µJk (1) + λIk ).
• µD2k+1 + λD2k+1
T
• µE2k + λE2k
is equivalent to (µJ2k (−1) + λI2k ).
T
• µF2k + λF2k
is equivalent to (µJk (−1) + λIk ) ⊕ (µJk (−1) + λIk ).
Theorem 3.5 also allows us to explain the difference in the number of blocks
between the TA and the HS canonical forms. This difference comes from the size of
type 0 and type I blocks and also on the values associated with type II blocks in the
HS canonical form. More precisely, type 0 blocks give rise to two different types of
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blocks in the TA canonical form, depending on whether the size of the type 0 block is
even or odd, and the same happens with the type I blocks (cases 1), 2a) and 3), 5) in
Theorem 3.5). On the other hand, type II blocks associated with, respectively, c = 1,
c = −1 and c 6= ±1, give rise to three different types of blocks in the TA canonical
form (cases 2b), 4) and 6)).
The canonical form for congruence of T -palindromic pencils introduced by Turnbull and Aitken in pages 138–139 contains some redundant blocks. First, their type
4 blocks leading to type (d) blocks for the congruence form of matrices include the
following 2k × 2k blocks






 
0
µ+λ
µ+λ

µ
+
λ
−µ
+λ
µ+λ µ−λ 
 


.
.
.
.
 
..
..
..
..
µ + λ −µ + λ
0
µ+λ µ−λ
0
0




 .


(3.2)

These blocks correspond to a pair of Jordan blocks with size k associated with the
eigenvalue −1. But, when k is odd, this type of block is contained in the type 3
blocks, which are the blocks with odd size associated with the eigenvalue −1. More
precisely, (3.2) is congruent to [Pk Pk ], where Pk is the k × k pencil






Pk = 






0

.
..
µ+λ µ−λ


µ+λ
µ + λ −µ + λ 


.
.

..
..

.
µ + λ −µ + λ


µ+λ µ−λ


.

..

Second, the type 6 blocks of size 2k×2k (leading to the type (f) blocks in the canonical
form for matrices)






 
−µ + λ
0
µ−λ

−µ + λ µ + λ 
µ
−
λ
µ
+λ
 


.
.
.
.
 
..
..
..
..
−µ + λ µ + λ
0
µ−λ µ+λ
0
0







(3.3)

with k even, corresponding to a pair of Jordan blocks of even size associated with the
eigenvalue 1, are included in the type 5 blocks. More precisely, (3.3) is congruent to
[Qk Qk ], where Qk is the k × k pencil






Qk = 






0

.
..
−µ + λ µ + λ


µ−λ
µ−λ µ+λ 


.
.
.
.

.
.

.
µ−λ µ+λ


−µ + λ µ + λ


.

..
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Despite this redundancy in the canonical form for T -palindromic pencils, when the
authors derive the canonical form for matrices by taking µ = 1, λ = 0, the redundant
blocks disappear without any further comment.
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